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Abstract. This paper consists of two parts. In the first part we show that in 
odd dimension, as well as in even dimension below the critical weight (i.e. half 
the dimension), the logarithmic singularities of Schwartz kernels and Green 
kernels of conformal invariant pseudodifferential operators are linear combina- 
tions of Weyl conformal invariants, i.e., of local conformal invariants arising 
from complete tensorial contractions of the covariant derivatives of the Lorentz 
ambient metric of Fefferman-Graham. In even dimension and above the critical 
weight exceptional local conformal invariants may further come into play. As 
a consequence, this allows us to get invariant expressions for the logarithmic 
singularities of the Green kernels of the GJMS operators (including the Yam- 
abe and Paneitz operators). In the second part, we prove analogues of these 
results in CR geometry. Namely, we prove that the logarithmic singularities of 
Schwartz kernels and Green kernels of CR invariant Heisenberg pseudodifferen- 
tial operators give rise to local CR invariants, and below the critical weight are 
linear combinations of complete tensorial contractions of the covariant deriva- 
tives of Fefferman's Kalher-Lorentz ambient metric. As a consequence, we can 
obtain invariant descriptions of the logarithmic singularities of the Green ker- 
nels of the CR GJMS operators of Cover-Graham (including the CR Yamabe 
operator of Jerison-Lee). 



Introduction 

Motivated by the analysis of the singularity of the Bergman kernel of a strictly 
pseudoconvex domain D C C"+^ Fefferman |Fe2] launched the program of deter- 
mining all local invariants of a strictly pseudoconvex CR structure. This program 
was subsequently extended to deal with local invariants of other parabolic geome- 
tries, including conformal geometry (see |FGlj ). Since Fefferman's seminal paper 
further progress has been made, especially recently (see, e.g., [A12', BEG] . [GHj . 
[HIT] . [Hi2] ). In addition, there is a very recent upsurge of new conformally invariant 
Riemannian differential operators (see |A12| . |Ju|V 

In this paper we turn to the analysis of the logarithmic singularities of the 
Schwartz kernels and Green kernels of general invariant pseudodifferential operators 
in conformal and CR geometry. This connects nicely with results of Hirachi f [Hilj . 
[Hi2j ) on the logarithmic singularities of the Bergman and Szego kernels on bound- 
aries of strictly pseudoconvex domains. 
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The main result in the conformal case (Theorem 14. 5p asserts that in odd di- 
mension, as well as in even dimension below the critical weight (i.e. half of the 
dimension), the logarithmic singularities of Schwartz kernels and Green kernels 
of conformally invariant Riemannian ^'DOs are linear combinations of Weyl con- 
formal invariants, that is, of local conformal invariants arising complete tensorial 
contractions of covariant derivatives of the ambient Lorentz metric of Fefferman- 
Graham ( }FGlj . [FG2| ). Above the critical weight the description in even dimen- 
sion involve the ambiguity independent Weyl conformal invariants recently defined 
by Graham-Hirachi |GH| . as well as the exceptional local conformal invariants of 
Bailey-Gover [BGJ. In particular, by specializing this result to the GJMS opera- 
tors of [GJMSj . including the Yamabe and Paneitz operators, we obtain invariant 
expressions for the logarithmic singularities of the Green kernels of these operators 
(see Theorem 14. 6p . 

In the CR setting the relevant class of pseudodifferential operators is the class of 
^'/fDOs introduced by Beals-Greiner |BGr| and Taylor |Tay| . In this context the 
main result (Theorem 18. 6p asserts that the logarithmic logarithmic singularities of 
Schwartz kernels and Green kernels of CR invariant ^'//DOs are local CR invariants, 
and below the critical weight are linear combinations of complete tensorial contrac- 
tions of covariant derivatives of the curvature of the ambient Kahler-Lorentz metric 
of Fefferman |Fe2| . As a consequence this allows us to get invariant expressions for 
the logarithmic singularities of the Green kernels of the CR GJMS operators of [GG| 
(see Theorem 

The proof of the main result in the conformal case is divided into three steps. In 
the first step we show that, given a 5*00 on a Riemannian manifold transforming 
conformally under a conformal change of metrics, the logarithmic singularity of 
its Schwartz kernel, as well as that of its Green kernel when the operator is ellip- 
tic, transform conformally under a conformal change of metrics (Proposition [2T]). 
This result unifies and extends several previous results of Parker- Rosenberg .PR) , 
Gilkey [Gi] and Paycha-Rosenberg [PRo| . 

The second step is a Riemannian invariant version of the first step. Namely, we 
show that the logarithmic singularities of Schwartz kernels and Green kernels of 
Riemannian invariant ^'DOs are local Riemannian invariants, hence can expressed 
as linear combinations of complete contractions of covariant derivatives of the cur- 
vature tensor (see Proposition 13.51 for the precise statement). This result is very 
much reminiscent of the Riemannian invariant expression of the coefficients of the 
heat kernel asymptotics of Laplace- type operators (see [ABPj . [Gi|). 

In odd dimension, as well as in even dimension below the critical weight, an 
important result of Bailey-Eastwood-Graham [BEG| shows that all local confor- 
mal invariants as linear combinations of Weyl conformal invariants. Recently, in 
even dimension the remaining cases have been dealt with by Graham-Hirachi IGH| . 
Therefore, in the final third step, we can simply combine these results with the 
results of the first two steps to deduce our main results in the conformal case. 

Notice that thanks to the Ricci fiatness of the ambient metric they are much 
fewer Weyl conformal invariant than Weyl Riemannian invariants. Therefore, in 
the third step we get a more precise information on the forms of the logarithmic 
singularities at stake than the Riemannian invariant expressions provided by the 
second step. 
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Next, the proof of the main resuh in the CR setting foUows a similar pattern. 
First, we prove that, given a ^P^fDO on a contact manifold which transforms confor- 
mally under a confornial change of contact form, the logarithmic singularities of its 
Schwartz kernel and its Green kernel (when the operator is hypoelliptic) transform 
conformally under a conformal change of contact form (see Proposition 16. ip . This 
extends a previous result of N.K. Stanton St . 

In the second step we deal with the logarithmic singularities of pseudohermi- 
tian invariant 'I'hDOs (these objects are defined in Section [7]). More precisely, we 
show that the logarithmic singularities of the Schwartz kernels and the Green ker- 
nels of pseudohermitian invariant ^'^f DOs are local pseudohermitian invariants (see 
Proposition 17. 9p . Therefore these logarithmic singularities appear as universal lin- 
ear combinations of complete tensorial contractions of covariant derivatives of the 
(pseudohermitian) curvature tensor and of the torsion tensor of the Tanaka- Webster 
connection. 

Similarly to a conformally invariant Riemannian ^PDO, a CR invariant ^'/f DO is 
a pseudohermitian invariant ^P/f DOs that transforms conformally under a conformal 
change of contact form. Furthermore, we know from Fefferman [Fe2] and Bailey- 
Eastwood-Graham [BEGJ that any local CR invariant of weight less than or equal 
to the critical weight is linear combination of Weyl CR invariants. Combining this 
with the previous steps allows us to prove the main results in the CR case. 

The first and third steps in the CR case are carried along similar lines as that of 
the corresponding steps in the conformal case. There are some technical issues with 
the second step because we need to introduce definitions of local pseudohermitian 
invariant and of pseudohermitian invariant ^'//DOs in such way that the former 
is equivalent to the usual definition of a local pseudohermitian invariant and both 
definitions are suitable for working with the Heisenberg calculus. In particular, it 
is important to take into account the tangent structure of a strictly pseudoconvex 
CR manifold, in which the Heisenberg group comes into play. The bulk of this step 
then is to prove all the properties of local pseudohermitian invariants and pseudo- 
hermitian invariant ^'//DOs that are needed in order to prove that the logarithmic 
singularities of the Schwartz kernels and the Green kernels of the latter do give 
rise to local pseudohermitian invariants. More generally, the arguments used in 
this step pave the way for proving that various local invariants attached to pseu- 
dohermitian invariant \E'//DOs (e.g. local zeta function invariants) give rise to local 
pseudohermitian invariants. 

Finally, it is believed that by making use of the ambient metric construction of 
the GJMS operators in [GJMSj we could compute the logarithmic singularities of 
these operators in the conformal well as in the CR case. It is conjectured 

that there should be related in a somewhat explicit way to the coefficients of the 
heat kernel asymptotics of the Laplace operator, which has been thoroughly studied 
(see [Gij and the references therein). We hope to report more on this in a subsequent 
paper. 

The paper is organized as follows. 

In Section [H we recall how the logarithmic singularity of a '^DO gives rise to 
a well defined density. We then explain its connection with the noncommutative 
residue trace of Wodzicki and Guillemin. 

In Section [21 we show that the conformal invariance of the logarithmic singular- 
ities of the Schwartz kernels and Green kernels of conformally invariant 5'DOs. 
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In Section [3] we show that the logarithmic singularities of the Schwartz kernels 
and Green kernels of Riemannian invariant ^PDOs are local Riemannian invariants. 

In Section [3] we prove that the logarithmic singularities of the Schwartz ker- 
nels and Green kernels of conformally invariant ^'DOs are linear combinations of 
the local conformal invariants in the sense of Fefferman's program. In particular, 
this leads us to invariant expressions for the logarithmic singularities of the Green 
kernels of the GJMS operators. 

In SectionO we recall some important facts about ^'/f DOs and their logarithmic 
singularities. 

In Section [6l we prove the contact invariance of the Schwartz kernels and Green 
kernels of contact invariant ^E'/^DOs. 

In Section [3 we define pseudohermitian invariant ^'//DOs and prove that their 
Schwartz kernels and Green kernels give rise to local pseudohermitian invariants. 

In Section [51 we prove that the Schwartz kernels and Green kernels of CR in- 
variant 4" //DCs are linear combinations of Weyl CR invariants, which allows us to 
get invariant expressions for the the Green kernels of the CR GJMS operators. 

Acknowledgements. I am very grateful to Pierre Albin, Charles Fefferman, Robin 
Graham, Kengo Hirachi and Sidney Webster for helpful and stimulating discussions 
related to the subject matter of this paper. In addition, I wish to thank for their 
hospitality the University of Tokyo and the University of California at Berkeley 
where part of this paper was written. 

1. PSEUDODIFFERENTIAL OPERATORS AND THE LOGARITHMIC SINGULARITIES 

OF THEIR Schwartz Kernels 

In this section we recall some definitions and properties about ^'DOs and the 
logarithmic singularities of the Schwartz kernels of ^fDOs. 

First, given an open subset U C M" the symbols on [/ x R" are defined as follows. 

Definition 1.1. 1) ^^(f/xM"), m e C, is the space of functions p{x , S.) contained 
in C°°{U X M" \0) such that p[x, t^j = f^p{x,^) for any t > 0. 

2) ^"(C/xR"), m e C, consists of functions p G C°°([/xM") with an asymptotic 
expansion p ~ TlijyoPm-j, Pk G Sk{U x R"), in the sense that, for any integer N , 
any compact K C U and any multi-orders a, (3, there exists a constant CjqKap > 
such that, for any a; G if and any ^ G R'^^"'^ .so that |^| > 1, we have 

(1.1) \d^d^^{p-J2p„.,,){x,0\ < C^Ka;3|a''""^~^- 

j<N 

Given a symbol p G S™{U x R") we let p{x, D) be the continuous linear operator 
from C^{U) to C°°{U) such that 

(1.2) p{x, D)u{x) = (27r)-" j e"-^p{x, 0^(0^^ Vu G C^{U). 

Let M" be a manifold and let f be a vector bundle over M. We define ^fDOs 
on M acting on the sections of £ as follows. 

Definition 1.2. ^"(M, f), m G C, consists of continuous operators P from 
C^{M,£) to C°°{M,£) such that: 

(i) The Schwartz kernel of P is smooth off the diagonal; 
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(a) In any trivializing local coordinates the operator P can he written as 
(1.3) P = p{x,D) + R, 



where p is a symbol of order m and R is a smoothing operator. 

We can give a precise description of the singularity of the Schwartz kernel of 
a ^"00 near the diagonal and, in fact, the general form of these singularities can 
be used to characterize ^fDOs (see, e.g., |Ho2] . |Me| . |BGr] V In particular, if 
P : C^{M,£) -> C°°(Af,£) if a ^-DO of integer order m > ~n, then in local 
coordinates its Schwartz kernel kp{x,y) has a behavior near the diagonal y — x of 
the form 

(1.4) kp{x,y)= aj{x,x-y)-cp{x)log\x-y\ + 0{l), 

— {?7i-|-n) <.j < — 1 

where aj{x,y) € C°^'{U x (M^\0)) is homogeneous of degree j in y and we have 

(1-5) cp{x)^-^[ p_„(.T,C)d"-i^, 

(27r)" Js„-i 

where p_„(x, is the symbol of degree —n of P. 

It seems to have been first observed by Connes-Moscovici |CMoj (see |GVF| . 
}Po4| ) for detailed proofs) that the coefficient cp{x) makes sense globally on M as a 
1-density with values in Endf , i.e., it defines an element of C°°{M, |A| (M) ®End (?) 
where |A|(M) is the bundle of 1-densities on M. 

In the sequel we refer to the density cp{x) as the logarithmic singularity of the 
Schwartz kernel of P. 

If P is elliptic, then we shall call Green kernel for P the Schwartz kernel of a 
parametrix Q e '^^"^{M, £) for P. Such a parametrix is uniquely defined only 
modulo smoothing operators, but the singularity near the diagonal of the Schwartz 
kernel of Q, including the logarithmic singularity cq{x), does not depend on the 
choice of Q. 

Definition 1.3. If P E \I'™(M, f), m £ "L, is elliptic, then the Green kernel 
logarithmic singularity of P is the density 

(1.6) 7p(a;) := CQ(a;), 
where Q G 4'^™(Af, f) is any given parametrix for P. 

Next, because of (|1.5I) the density cp{x) is related to the noncommutative residue 
trace of Wodzicki ([WolJ, ^Wo3j) and Guillemin [Gulj as follows. 

Let *'"*(M,£:) = UsRm<-n*'"(M,f ) denote the class of ^-DOs whose symbols 
are integrable with respect to the ^-variable. If P is a Vl/DO in this class then 
the restriction to the diagonal of its Schwartz kernel kp{x,y) defines a smooth 
Endf-valued density kp{x, x). Therefore, if M is compact then P is trace-class on 
L'^{M,£) and we have 

(1.7) Trace P= / kp{x,x). 

J M 

In fact, the map P kp{x, x) admits an analytic continuation P — > tp{x) to the 
class "^^{M.S.) of non-integer ^fDOs, where analyticity is meant with respect to 
holomorphic famihes of vpDOs as in (G1j2] and (KVj . Furthermore, if P e *^(M, £) 
and if {P{z))z(^c is a holomorphic family of ^fDOs such that ordP(z) — ordP + z 
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and P(0) = P. Then the map z —> tp(^^-j (x) has at worst a simple pole singularity 
at z = in such way that 

(1.8) Res^^o ip(z) (a;) = -cp(a;). 

Suppose now that M is compact. Then the noncommutative residue is the linear 
functional on '^'^{M,8) defined by 

(1.9) ResP:=/ tr£Cp[x) VFGl'^(M,f). 

JM 

Thanks to (|1.5p this definition agrees with the usual definition of the noncommu- 
tative residue. Moreover, by using (jl.Sp we see that if {P{z))z£C is a holomorphic 
family of 5'DOs such that ordP(2;) — ordP + z and P(0) = P, then the map 
z Trace P(z) has an analytic extension to C\Z with at worst a simple pole near 
z = in such way that 

(1.10) ResP = -Res2=oTRP(z). 

Using this it is not difficult to see that the noncommutative residue is a trace on 
^'^(M, f). Wodzicki |Wo2j even proved that his is the unique trace up to constant 
multiple when M is connected. 

Finally, let P : C°°(M,f ) C°°(M,£:) be a ^-DO of integer order m > with 
a positive principal symbol. For t > we let kt{x, y) denote the Schwartz kernel of 
g-tp ^jj^gj^ kt{x,y) is a smooth kernel and as t ^ 0+ we have 

(1.11) kt{x,x) r~~.t-^^t^aj{P){x) +logt^t^bj{P){x), 

j>0 ]>Q 

where we further have a2j+i{P){x) = bj{P){x) = for any j ^ 0,1, . . . when P is 
a differential operator (see, e.g., [Gi], |Grj). 

By making use of the Mellin Formula we can explicitly relate the coefficients 
of the above heat kernel asymptotics to the singularities of the local zeta function 
tp-s[x) (see, e.g., [Wo3| 3.23]). In particular, if for j = 0, . . . , n — 1 we set Uj — 
then we have 

(1.12) mCp-.,(x)^T{a,)-^a,{P){x). 

The above equalities provide us with an immediate connection between the Green 
kernel logarithmic singularity of P and the heat kernel asymptotics (|l.lip . Indeed, 
as the partial inverse P~^ is a parametrix for P in ^'~™(M, £), setting j = n — m 
in (frT2l) gives 

(1.13) an-m{P){x) = mcp-i{x) = m'jp{x). 

2. CONFORMAL INVARIANCE OF LOGARITHMIC SINGULARITIES OF vJ/DOS 

In this section we will prove that the logarithmic singularities of conformally 
invariant \E'DOs on a given Riemannian manifold (M" , g) transform conformally 
under conformal changes of metric. 

Throughout this section we let {M",g) be a Riemannian manifold. The first 
historic instances of conformally invariant operator were the Dirac and Yamabe 
operators. 
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If M is spin and we let p ^ denote the Dirac operator of M acting on spinors 



then Hitchin |Hitj and Kosmann-Schwarbach [Ko] proved that under a conformal 
change of metric g e^^ g, f & C°°(M, M), we have 

(2.1) P,2fg = e-^fp^e^f. 

The Yamabe operator Dg : C°°{M) — > C°°(Af) is a perturbation of the Laplace 
operator Ag in order to get a conformally invariant operator. It is given by 

n-2 
4(n- 1)' 



(2-2) Ug = Ag + - -Kg, 



where Kg is the scalar curvature of M , and it satisfies 

(2.3) □e2/g = e-(t+i'-^nge(t-i)/ V/eC°°(M,R). 

This construction was generalized by Graham- Jenne-Mason-Sparling [GJMS] 
(see also |GZj ) who produced, for any integer fc g N when n is odd, and for 
k = 1,...,^ when n is even, a conformal fc-th power of A^, i.e., a selfadjoint 

differential operator uf^ : C°°{M) -> C°^{M) such that 

(2.4) n^*-'' = A^*-'' + lower order terms, 

(2.5) D^^).^ = e-(^+'=)-^nge(^-'=)/ V/ e C°°(M,R). 

In particular, for fc = 1 we recover the Yamabe operator and for fc = 2 we recover 
the fourth order operator of Paneitz ( [Pal , I ESJ ) . 

There are further generalizations of the GJMS operators. Branson-Gover |BGo| 
and Peterson [Pe| constructed families of conformally invariant \l/DOs which in- 
clude the GJMS operators. In this case we have conformal invariance only up to 
smoothing operators. Recently, Alexakis f [A12| . [AUj ) and Juhl [Ju] constructed 
new families of conformally invariant operators. Furthermore, Alexakis proved that, 
under some restrictions, his family of operators exhausts all conformally invariant 
Riemannian differential operators. 

In the sequel we let £ denote a vector bundle over M and we let Q be the class 
of Riemannian metrics on M that are conformal multiples of g. 

Let {Pg)g(zg C \E''"(M, £■) be a family of 5*008 of integer order m so that there 
are real numbers w and w' in such way that, for any / in C°°{M, M), we have 

(2.6) p^jg=e^'^Pge-'"^ mod *^°°(Af, £). 
Proposition 2.1. l)Ifm> —n, then 

(2.7) cp^^^(a;) e-("'-"'''/(^)cp^(a;) V/ G C°°(M,R). 
2) Assume that Pg is elliptic and we have < m < n, then 

(2.8) ^p^^^(x)^e-^^'-^^f^-^p^{x) V/eC°°(M,M). 

Proof. Let / £ C°°(M, M), set g = g and let kp {x,y) and kp-{x,y) denote 
the respective Schwartz kernels of Pg and Pg. It follows from (|2.6p that near the 
diagonal y — x we have 

(2.9) kp.{x,y)=e^'f^^hp^{x,y)e-^f^y^+0{l). 
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Let U C M" be an open of local coordinates. By (II. 4p the kernel kp^ {x, y) has a 
behavior near the diagonal of the form 

(2.10) kp^ix,y)= J2 ajix,y)-cp^ix)log\x~y\+Oil), 

— {m+Ti)<_;< — 1 

where aj(x,y) € C°°{U x (R"\0)) is homogeneous of degree j with respect to y. 
Combining this with (j2.9|) then gives 

(2.11) kp-{x,y)= b{x, y)aj {x, y) ~ cp^{x)b{x,y) log \x~y\ + 0(1), 

— (m+n)<j< — 1 

where we have set b{x, y) — e^^^'^^'^^^ 

The Taylor expansion of b{x, y) near y = x is of the form 

(2.12) b{x,y)= J2 iy-^rbo.{x)+ {x-yrr^{x,y), 

|Q|<m |a|— m 

where we have set ba{x) = -^dyb{x,x), and the functions ra{x,y) are smooth near 
y — X. Using this we obtain 

(2.13) b{x,y)aj{x,y)^ ^ 6„(a;)(j/ - x)"a,(x,j/) + 0(1), 

|a|+j<-l 

where each term ba{x){y — x)°'aj{x, y) is homogeneous in y of degree \a\ + j < —1. 

Moreover, as we have [x — y)" log |a; — j/| ~ 0(1) for any multi-order a ^ 0, 
from ()2.12|) we also get 

(2.14) b{x, y) log \x~y\ = b{x, x) log |a;-y| + 0(l) = e-^"'-'"')-''^^) log \x-y\ + 0{l). 

Combining (|2.1ip with (|2.13p and l|2.14p shows that kp-{x,y) has a behavior 
near the diagonal of the form 

(2.15) kp^ix,y) = 

J2 bc.{x){y - xTa.ix, y) ~ cp^{x)e-^^-^'^f^-^ log \x^y\+ 0(1). 

— (m-t-n)<|a| < — 1 

Comparing this to (|1.4p yields the equality cp-(x) = g-{w-w )f(x)Qp^{^x). 

Now, assume that Pg is elliptic and we have m < n. Let Qg (resp. Qg) be a 
parametrix in ^'"'"(M, £) for Pg (resp. Pg). Thanks to (|2.6p we have 

(2.16) Pge^fQge~'"'f = e^' ^ PgQgC-""' ^ = 1 mod ^-°°{M,E). 
Multiplying the right-hand and left-hand sides by Qg gives 

(2.17) Qg ^ QgPgc'^^Qge-'"'^' = e^'^QgC"^"'^ mod *-°°(M, £). 

We then can apply the first part of the proof to get cq.{x) — er^-^ ^^^^^■^'> cp^ix). 
The proof is now complete. □ 

The above result unifies and extend several previous results of conformal invari- 
ance of densities associated to conformally invariant operators. 

First, in [PRj Parker-Rosenberg proved the conformal invariance on a compact 
manifold of the Green kernel of the Yamabe operator (i.e. the Schwartz kernel of 
□~^). In this setting the singularity near the diagonal of the Green kernel is derived 
from the knowledge of the off-diagonal small time asymptotics for the heat kernel of 
□g. Moreover, the logarithmic singularity is described in the form —c(x) logd(x, y), 
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where d{x, y) is the Riemannian distance. Since in local coordinates log j^^'j^j is 
bounded near y ^ x this description of the logarithmic singularity is the same as 
that provided by (|1.4p . Therefore, we see that Proposition 12 . 1 1 allows us to recover 
Parker-Rosenberg's result. 

In fact, in |PRj the coefficient c{x) in the logarithmic singularity —c{x) log d{x, y) 
was identified with the coefficient an-2{Og){x) of t^^ in the heat kernel asymp- 
totics (|l.If |) for nig. This allowed Parker- Rosenberg to prove the conformal invari- 
ance of an-2{Og){x). Subsequently, Gilkey [Gil Thm. 1.9.4] proved the conformal 
invariance of the coefficient an~miPg){x) of in the heat kernel asymptotics for 
a conformally invariant selfadjoint elliptic differential operator Pg of order m with 
positive principal symbol on a compact Riemannian manifold. Thanks to (|1.13p we 
have an^m(Pg)(x) = mjp (x), so Proposition 1 2 . 1 1 also allows us to recover Gilkey's 
result. 

Recently Paycha-Rosenberg [PRoj extended Gilkey's result to ^fDOs and proved 
the conformal invariance of noncommutative residue densities of conformally invari- 
ant ^DOs. The arguments were based on variational formulas for zeta functions 
of elliptic \E'DOs, so the result was stated for compact manifold and for an elliptic 
conformally invariant ^fDOs such that there is a spectral cut independent of the 
metric for both the operator and its principal symbol. 

Since the density cp{x) agrees with the noncommutative residue density of P it 
follows that the results of Paycha-Rosenberg are encapsulated by Proposition 12.11 
and hold in full generality on noncompact manifold and for non-elliptic conformally 
invariant ^fDOs. 

Notice that it is important to be able to remove the ellipticity assumptions from 
the results of Gilkey and Paycha-Rosenberg, because we can construct examples of 
non-elliptic conformally invariant ^fDOs. For instance, let Qg'^^ G ^'^^'^(M) be a 
parametrix for the GJMS operator □g*^''. Then by (|2.5p and (|2.17[) we have 

(2.18) Q%g = e-^^-'''>^Qf^e^^^+'''>^ V/ e C°°(M,R). 

Let Lg : C°°{M) C°°{M) be a Weyl differential operator as constructed by 
Alexakis f [A12j . [AUI I such that, for some w' G Z we have ie^/ = e^"^"^'^ Lgc'^^'^^^ . 
Alexakis' construction shows that there is a handful of such operators. In addition, 
these operators need not be elliptic. Then the operator LgQ^g^ satisfies 

(2.19) L,./,q(^)^ = e-^-'/i.QWeCt+fc)/ V/ G C°°(Af,R). 

Furthermore, if we choose Lg to be non-elliptic, then LgQ']^ is not elliptic and we 
really need to use Proposition 12.11 to prove that 

(2.20) c (.)(x) = e(t+'=-2-')/c^ (.)(x) V/gC°°(M,R). 

3. Logarithmic Singularities of Riemannian Invariant ^fDOs 

In this section we shall prove that the logarithmic singularities of Riemannian 
invariant VPOOs are local Riemannian invariants. 

Let M„(M)+ denote the open subset of M„(E) consisting of positive definite 
matrices. Following [ABPj we call scalar local Riemannian invariant of weight w, 
w € Z, datum on any Riemannian manifold {M"-,g) of a function Tg G C°°(M) 
such that: 
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- There exist finitely many functions aap £ C°°(Af„(M)_|_) such that in any local 
coordinates we can write Tg{x) — aai3{g{x)){d°' g{x))^ . 

- We have Jtgix) — t^^Ig{x) for any t > 0. 

It follows from the invariant theory developed by Atiyah-Bott-Patodi j ABPj (see 
also [GiJ ) that any local Riemannian invariant is a linear combination of complete 
contractions of the covariant derivatives of the curvature tensor. 

Notice also that the above definition continue to make sense for manifolds equipped 
with a nondegenerate metric of nonpositive signature, provided we replace M„(M)_|_ 
by the subset of nondegenerate selfadjoint matrix of the corresponding signature. 
Following the convention of |FG1| we shall continue to call local Riemannian in- 
variants such invariants. 

Let Rijki — {R{di,dj)dk,di) denote the components of the curvature tensor of 
{M,g). We will use the metric g = {gij) and its inverse g^^ — (g*-') to lower and 
raise indices. For instance, the Ricci tensor is pjk ■= R^ji^ — g^^Rijki and the scalar 
curvature is Kg :— p,j' — g^'' Pij. 

All the scalar local Riemannian invariants of weight 1 are constant multiples of 
Kg, and those of weight 2 are linear combinations of the following invariants: 

(3.1) \R\l:^R'=^'R.jku \p\g := p'' p,k, \Kg\l AgKg. 

Next, for m G C we let S'm(M„(M)+ x M") denote the space of functions a{g,£,) 
in C°°(M„(R)+ X (M"\0)) such that we have a{g,t^) = t'^aig.O for any t > 0. 

Definition 3.1. A Riemannian invariant ^DO of order m and weight w is the 
datum on any Riemannian manifold [M^'^g) of an operator Pg G ^''"(M) so that: 
(i) For j = 0, 1, . . . there exist finitely many symbols aj^p G S'm_j(M„(R)_|_ xR") 
such that in any local coordinates Pg has symbol Pg{x, i^) ~ '^j>oPg,rn-j{x, S.), where 

(a) For anyt>0 we have Ptg t^"" Pg modulo 5'-°°(Af). 
In addition, we say that P is admissible if in k3. ^|) we can take a^afi to be zero for 
{a, 13)^0. 

Remark 3.2. In (ii) we require to have Ptg = t^^Pg modulo smoothing opera- 
tors, rather than to have an actual equality, so that if we replace Pg by a properly 
supported 'I'DO that agrees with Pg modulo a smoothing operator, then we get 
a Riemannian invariant ^HO with same symbol. This way we can compose Rie- 
mannian invariant 5'DOs. This is totally innocuous when we consider differential 
operators, because two differential operators that differ by a smoothing operator 
agree. 

Proposition 3.3. Let Pg be a Riemannian invariant DO of order m and weight 
w, let Qg be a Riemannian DO of order m' and weight w' , and suppose that Pg 
or Qg is properly supported. Then PgQg is a Riemannian invariant DO of order 
m + m' and weight w + w' . 

Proof. First, the operator PgQg is a ^DO of order m + m' and for any i > we 
have PtgQtg = t-'^'^+'^'^PgQg modulo ^'°"{M). 

Next, let Pg{x,i) ~ '}ZPa,m-A^^O and let qg{x,^) ^ Y,%,m'-]{^^Cj be the 
respective symbols of Pg and Qg in local coordinates. Then it is well-known (see, 
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e,g., [Ho2] ) that the symbol rg{x, £,) ^ '''g,m'-j{x, of PgQg is such that we have 
rg{x,0 -^E^diPgi^^^D^lA^.O- Thus,' 

(3.3) rg^„,+rn'-j{x,0 = ^9^Pa,m-k{x,£,)D'^qg^rn'-l{x,£,)- 

\a\ + k+l=j 

By assumption pg(x, ^) and qg{x, ^) satisfy the condition (i) of Definition l3.f I There- 
fore, using (|3.3p it is not difficult to check that so does rg(x,^). Hence PgQg is a 
Riemannian invariant of weight w + w' . □ 

Proposition 3.4. Let Pg be Riemannian invariant DO of order m and weight 
w which is elliptic and is admissible in the sense of Definition [X71 For each Rie- 
mannian manifold {M'^,g) let Qg G ^'""'(M, f) be a parametrix for P. Then Qg 
is a Riemannian invariant DO of weight —w. 

Proof. First, without any loss of generality we may assume Qg to be properly 
supported. Let t > 0. As Ptg = t'^^Pg modulo ^"""(M) we see that f^Qg is a 
parametrix for Ptg, hence it agrees with Qtg modulo '^~°°{M). 

Next, since Pg is admissible there exists am G Sm{Mn{M.")+ x R") such that in 
any given local coordinates the principal symbol of Pg is Pmix,£,) — amigix), 
The fact that Pg is elliptic then implies that, for any Riemannian manifold (M", g) 
and for x in the range of the given local coordinates, we have amig{x),S,) ^ for 
any <^ 7^ 0. Since any matrix g G M„(K")_|_ defines a Riemannian metric on R", we 
see that am{g,0 is an invertible symbol in S'm(M„(R")+ x R"). 

Now, let p ~ Yl,Pg,m-jix,0 and q{x,S.) ~ Z]j>o (^^ be the respective 

symbols of Pg and Qg in local coordinates. As we have QgPg = 1 modulo ^'^°°(M), 
using (|3.3p we get 

(3.4) q-mPg,m = 1, ^ q-jn-kD"pg ^^-1 =0 j > 1. 

\a\ + k+l=j 

Therefore, we obtain 

(3.5) q-m{x,£,) ^Pg,r,i{x,£,y^ = a,„ (g(x) , $) "\ 

(3.6) q-rn-j{x,0 ^ (^m{9{x),£.y^ ^ —^d'^ q-rn-k{x , OD%Pni-l[x , C) j>l. 

\a\+k+l=j ' 
k<j 

By induction we then can show that for j — 0, 1, . . . the symbol q^„i-jix,^) can 
be expressed as a universal expression of the form p.2p . This completes the proof 
that Qg is a Riemannian invariant 5*00 of weight —w. □ 

In the sequel for any top-degree form 77 on M we let I77I denote the corresponding 
1-density (or measure) defined by rj. For instance, if Vg{x) := ^y g{x)dx^ A . . . Adx" 
is the Riemannian volume form, then the Riemannian density is |wg(a::)|. In local 
coordinates we have |fg(a;)| = g{x)dx, where dx — jda;" A. . . Arfa;"| is the Lebesgue 
measure of R" . 

Proposition 3.5. Let Pg be a Riemannian invariant"^ DO of order m and weight w. 
1 ) The logarithmic singularity cp^ (x) is of the form 

(3.7) cp^{x) =Xp^{x)\vg{x)\, 

where Ip^ {x) is a local Riemannian invariant of weight ^ w. 
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2) Assume that Pg is elliptic and is admissible in the sense of Definition \3.1l 
Then the Green kernel logarithmic singularity of P takes the form 

(3.8) -ip^{x) = Jp^{x)\vg{x)l 

where J^p^{x) is a local Riemannian invariant of weight ^ ~ w. 

Proof. Let us write cp^{x) = Tg{x)\vg{x)\. Let t > 0. Since Pg and t^^Pg agree up 
to a smoothing operator we have t'^'^cp^{x) — cp_^^^{x). As dvtg{x) — t^\vg[x)\ we 
see that Ip,^{x) = i-(t+"')lp^(x). 

On the other hand, since Pg is a Riemannian invariant ^PDO there exist finitely 
many symbols Oap G S'm-j(M„(IR)+ x M") such that in any local coordinates the 
symbol of degree —noiPg \s p-n{x,^) = ^{d°'g{x)Yaai3{g{x),^). By (|1.5|) in local 
coordinates we have cp^{x) — Ig{x)\J g{x)dx = (27r)~"(/g„_i p_„(a;, ^)ci"~^^)(ia;. 
Thus, 

(3.9) Ux) = Y.{d-g{x)fAM^)). 
where A^p is the smooth function on Af„(R)+ defined by 

(3.10) A^f3{g):^{2ny" f ac.p{g,Od"-^^ V.g G M„(R)+. 

Since the expression (|3.9p of Xg (x) holds in any local coordinates this proves that 
Ig{x) is a local Riemannian invariant. 

Finally, suppose that Pg is elliptic and is admissible. For each Riemannian 
manifold {M",g) let Qg G *"™(M) be a parametrix for Pg. Then the Green 
kernel logarithmic singularity jp^lx) agrees with cq^^x) and Proposition 13.41 tells 
us that Qg is a Riemannian invariant ^"00 of weight —w. Therefore, it follows from 
the first part of the proposition that jPg{x) is of the form jPg{x) = J7p_^ (x)|wg(x)|, 
where Jp^ (a;) is a local Riemannian invariant of weight ^ — w. □ 

4. Logarithmic Singularities and Local Conformal Invariants 

In this section we shall make use of the program of Fefferman in conformal geom- 
etry to give a precise form of the logarithmic singularities of conformally invariant 
Riemannian ^fDOs. 

4.1. Conformal invariants and Fefferman's program. Motivated by the anal- 
ysis of the singularity of the Bergman kernel of a strictly pseudoconvex domain 
D C C"+^ Fefferman |Fe2| launched the program of determining all local invari- 
ants of a strictly pseudoconvex CR structure. This was subsequently extended to 
conformal geometry and to more general parabohc geometries (see, e.g., jFGlj ^ 

A scalar local conformal invariant of weight w is a scalar local Riemannian 
invariant Tg (x) such that 

(4.1) I,fg{x) = e-^f^-hg{x) V/ G C°°(M,M). 

The most important conformally invariant tensor is the Weyl curvature, 

(4.2) Wtjki = Rijki - {P]k9ii + Piigjk - Pji9ik - Pikgji), 

where Pjk = ■:^;zPii.Pjk — 2{n-i) 9ok) denotes the Schouten tensor. The Weyl tensor 
is conformally invariant of weight 1, so we get scalar conformal invariants by taking 
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complete tensorial contractions. For instance as invariant of weight 2 we get 

(4.3) \W\^ = W'''''W,jku 
and as invariants of weight 3 we have 

(4.4) W-./'M^z/'W^p;^ and W^=\W'^,^W;\. 

The aim of the program of Fefferman in conformal geometry is to exhibit a basis 
of local conformal invariants. It was initially conjectured that such a basis should 
involve the Weyl conformal invariants defined in terms of the Lorentz ambient 
metric of Fefferman- Graham ( |FG1| . |FG2j ) as follows. 

Let Q be the R+-bundle of metrics defined by the conformal class of g. We 
identify Q with the hypersurface Qq — Q x {0} va Q = Q x (—1,1). The ambient 
metric then is a Ricci-flat Lorentzian metric g on Q defined formally near Q^. In 
odd dimension the jets of the ambient metric are defined at any order near C/Qj but 
in even dimension there is an obstruction for defining them at order > ^. In any 
case, the local Riemannian invariants of 5 on 5 push down to conformal invariants 
of g on M. The latter are the Weyl conformal invariants. 

For instance the Weyl curvature corresponds to the ambient curvature tensor R. 
Moreover, the Ricci flatness of g and the Bianchi identities imply that complete 
tensorial contractions covariant derivatives of R involving internal traces must van- 
ish. For instance, there is no scalar Weyl conformal invariant of weight 1 (in fact 
there is no scalar conformal invariant of weight 1 at all) and the only non-zero 
scalar Weyl conformal invariant of weight 2 is \W\'^ , which arises from the ambient 
invariant (all the other invariants (|3.ip associated to the ambient metric are 
zero) . 

In addition, the scalar Weyl conformal invariants of weight 3 consist of the invari- 
ants (|4.4p together with the invariant exhibited by Fefferman-Graham ( [FGlj . 
[FG2p . The latter is the conformal invariant arising from the ambient invariant 
|Vi?p and is explicitly given by the formulas: 

(4.5) $g = |y|2-|-16(iy,t/) + 16|Cp, 

where Cjki — ViAjk — S/kAji is the Cotton tensor and V and U are the tensors 

(4.6) Vsijkl — ^sWijki — gisCjki + gjsCiki — gksCuj -I- gisCkij, 

(4.7) Usjki = V.Qfe, + gP'^AspWgjki ■ 
Next, a very important result is: 

Proposition 4.1 ( IBEG|, Thm. 11.1]). 1) In odd dimension every scalar local con- 
formal invariant is a linear combination of Weyl conformal invariants. 

2) In even dimension every scalar local conformal invariant for weight w < § — 1 
is a linear combination of Weyl conformal invariants. 

In even dimension a description of the scalar local conformal invariants of weight 
w > ^ + 1 was recently presented by Graham-Hirachi [GHj . More precisely, they 
modified the construction of the ambient metric in such way to obtain a metric on 
the ambient space G which is smooth at any order near Qq . There is an ambiguity on 
the choice of a smooth ambient metric, but such a metric agrees with the ambient 
metric of Fefferman-Graham up to order < ^ near ho- 
using a smooth ambient metric we can construct Weyl conformal invariants in 
the same way as we do by using the ambient metric of Fefferman-Graham. If 
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such an invariant does not depend on the choice of the smooth ambient metric we 
then say that it is a ambiguity-independent Weyl conformal invariant. Not every 
conformal invariant arises this way, since in dimension n = Am this construction 
does not encapsulate the exceptional local conformal invariants of [BG| . However, 
we have: 

Proposition 4.2 ( GHJ). Let w be an integer > ^. 

1) If n ^ 2 mod 4, and if n = mod 4 and w is odd, then every scalar lo- 
cal conformal of weight w is a linear combination of ambiguity-independent Weyl 
conformal invariants. 

2) If n ^ mod 4 and w is odd, then every scalar local conformal of weight w 
is a linear combination of ambiguity-independent Weyl conformal invariants and of 
exceptional conformal invariants. 

4.2. Logarithmic singularities of conformally invariant Riemannian '4'DOs. 

Let us now look at the logarithmic singularities of conformally invariant Riemann- 
ian ^fDOs. The latter are defined are follows. 

Definition 4.3. A conformally invariant Riemannian ^ DO of order m and bi- 
weight (w,w') is a Riemannian invariant m'th order ^DO Pg such that, for any 
f e C°°(Af,R), we have 

(4.8) P^fg^e:^'fPge-~'"f mod *-°°(M). 

Remark 4.4. It follows from ()4.8p that a conformally invariant Riemannian "^DO 
of biweight (w,w') is a Riemannian invariant ^'DO of weight w' — w. 

The main result of this section is: 

Theorem 4.5. Let Pg be a conformally invariant Riemannian ^ DO of integer 
order m and biweight {w,w'). 

1) In odd dimension, as well as in even dimension when w' > w, the logarithmic 
.singularity cp^{x) is of the form 

(4.9) cp^{x)=Ip^{x)\vg{x)\, 

where Ip^ (x) is a universal linear combination of Weyl conformal invariants of 
weight ^-\-w — w'. If n is even and we have w' < w, then cp^{x) still is of a similar 
form, but in this case Tp^ (x) is a local conformal invariant of weight ^ -\-w — w' of 
the type described in Proposition \4-2\ 

2) Suppose that Pg is elliptic and is admissible in the sense of Definition FiOl 
Then in odd dimension, as well as in even dimension when w' < w, the Green 
kernel logarithmic singularity of P takes the form 

(4.10) jp^ix) ^ Jpjx)\vg{x)\, 

where Jp^ {x) is a universal linear combination of Weyl conformal invariants of 
weight ^ —w + w' . If n is even and we have w' > w , then^p^{x) still is of a similar 
form, but in this case Jp^ [x] is a local conformal invariant of weight ^ — w + u;' 
of the form described in Proposition^^ 

Proof. First, since Pg is a Riemannian invariant \I/DO of weight w — w' we see from 
Proposition 13.51 that cpg{x) is of the form cp^(x) = Xp^{x)\vg{x)\, where Tp^{x) is 
a local Riemannian invariant of weight w — w' . 
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Let / G C°°{M,R). As Pg is conformally invariant of biweight (w,w'), it fol- 
lows from Proposition 12.11 that cp ^ (x) = e^'-'^^'^ ^fcp^{x). Since |we/g(2;)| = 
et/(^)|i;g(a;)| we see that Ip^fjx) = e^(5 ~"'+"'')-''(^)2:p, (x). Thus Ip^{x) is a local 
conformal invariant of weight ^ + w — w' . It then follows from Proposition 14.11 
that in odd dimension, and in even dimension when w < w' , the invariant Tp^{x) 
is a linear combination of Weyl conformal invariants of weight ^ + w — w' . When 
n is even and we have w' < w the invariant Tp (x) is of the form described in 
Proposition 14.21 

Suppose now that Pg is elliptic and is admissible. In the same way as above, 
it follows from Proposition 12.11 and Proposition 13.51 that (x) takes the form 
7P_j(a;) — J'p^(x)\vg(x)\, where Jpg{x) is a local conformal invariant of weight ^ — 
w + w'. We then can apply Proposition l4.1l to deduce that in odd dimension, as well 
as in even dimension when w > w' , the invariant Jp^{x) is a linear combination 
of Weyl conformal invariants of weight ^ — w + w' . When n is even and we have 
w' > w the invariant J/p^ (x) is of the form described in Proposition 14.21 □ 

We shall now make use of Theorem 14. 5 1 to get a precise geometric description of 
the Green kernel logarithmic singularities of the G JMS operators □g'"^ . 

Theorem 4.6. 1) In odd dimension the Green kernel logarithmic singularity 'y^(k-) (x) 
is always zero. 

2) In even dimension and for fc = 1, . . . , ^ we have 

(4.11) ^^^.,{x)^cf\x)dvg{x), 

where c'g^ix) is a linear combination of Weyl conformal invariants of weight ^ ~k. 
In particular, we have 

(4.12) 4*\a:) = (47r)-t^, c^^^^) (a:) 0, 4*-''(a:) = a„|iy(x)|^, 

(4.13) 4^"'^(^)=/3«W'./'M^,/^%,'^+7nW^/>VM//', + ^„$,, 

where W is the Weyl curvature tensor, $g is the Fejferman- Graham invariant ^.5^ 
and a„, (3n, 7n and 5„ are universal constants depending only on n. 

Proof. Let Q'^g^ e ^'^^'^(Af) be a parametrix for 'Os^g \ Since □g'^'' is a differential 
operator, using ()3.4|1 - (I3.6|) one can check that if q^^^ ^ 1-2k-j denotes the symbol 

of Qg'"'' in local coordinates then we have q'^\]~_j{x,—£,) = (— l)^^'^^-''zi'^2fc_j (a;, 
for all j > 0. Combining this with (jl.Sp then gives 

(4.14) Cq<., (x) = (27r)-" J^^ ^ qi'lix, -6^"^'^ - (-!)%('=) i^)- 

Hence c„(fc) (x) must vanish when n is odd. Since by definition 7r^(fc) (x) = c„(fc) (x) 
this shows that 7|-|(fc) (x) is always zero in odd dimension. 

Next, suppose that n is even and k is between 1 and ^. It follows from the con- 
struction in [GJMSj that □g'^^ is a Riemannian invariant operator, so by combining 
this with Ij2.5p we see that Dg*^^ is a conformally invariant Riemannian operator of 
biweight ( ^^~" , — "+^'' ). Furthermore, by (|2.4p the principal symbol of Dg*^^ agrees 
with that of Ag , so Dg is admissible in the sense of Definition [3TlJ We then can 

15 



apply Theorem 14. 5 1 to deduce that ^^(k){x) is of the form 7|-|(fc)(a;) = cl''\x)\vg{x)\, 

where Cg*''' (x) is a Unear combination of Weyl conformal invariants of weight § — fc. 

As mentioned earUer there are no scalar Weyl conformal invariants of weight 1, 
the only invariant of weight 2 is \ W\'^, and the only Weyl invariants of weight 3 are 
Wi/'W^;/«Wpg'J and W/ ;VFpj^«W^/'^ and the invariant $g. From this we get the 
formulas ((4l^ and (|4l3l) for cf\x) when fc = 1, 2, 3. 

The formula for •* (a;) follows from a direct computation. More precisely, 
as Qg'^ '' has order —n its symbol of degree — n agrees with its principal symbol, 
which is the inverse of that of a'g^\ By (EH) the latter agrees with the principal 
symbol of Ag . Therefore, in local coordinates the principal symbol of Og^ ^ is 
pi^\^,0 = leig, where 1^1^ := g''ix)^^C,, and that of Q^^^ is qi^Jix,^ = \^\g"- 
As Cg^^ g{x)dx = 7 (^){x) = c (a (a;), using p.5|) we see that Cg^\x) is equal to 

Qg ) 

(4.15) / ICirrf"-!^ = (2^)-" / |e|-"d"-ie=(2vr)-"15"-i|. 

Since IS*"-!] = ^ = it follows that cf \x) = '^^^^]^^ as desired. □ 

Finally, we can get an explicit expression for Cg^^(x) in dimension 6 and 8 by 
making use the explicit computations by Parker-Rosenberg |PRj in these dimensions 
of the coefficient a„_2(ng)(2:) of in the heat kernel asymptotics (|l.lip for the 
Yamabe operator. 

Assume first that M compact. Then by ()1.13|) we have 27^^ (a;) = a„_2(ng)(2;), 
so by using [PR| Prop. 4.2] we see that in dimension 6 we have 

(4.16) cW(x) = ^r(x)p, 
while in dimension 8 we get 

(4.17) c«(x) = ^(811>s + 352W^,/'T4^,/^M^^;^ + &m^^\w\^W ^^\). 

In fact, as c'g^ {x) is a local Riemannian invariant its expression in local coordi- 
nates is independent of whether M is compact or not. Therefore, the above formulas 
continue to hold when M is not compact. 

5. Heisenberg calculus and noncommutative residue 

The relevant pseudodifferential calculus to study the main geometric operators on 
a CR manifold is the Heisenberg calculus of Beals-Greiner [BGr and Taylor |Tay| . 
In this section we recall the main definitions and properties of this calculus. 

5.1. Heisenberg manifolds. The Heisenberg calculus holds in full generality on 
Heisenberg manifolds. Such a manifold consists of a pair (M, where M is a 
manifold and 77 is a distinguished hyperplane bundle of TM. This definition covers 
many examples: Heisenberg group, CR manifolds, contact manifolds, as well as 
(codimension 1) foliations. In addition, given another Heisenberg manifold (M', iJ') 
we say that a diffeomorphism cf) : M M' is a Heisenberg diffeomorphism when 
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The terminology Heisenberg manifold stems from the fact that the relevant tan- 
gent structure in this setting is that of a bundle GM of graded nilpotent Lie groups 
(see, e.g., [BGrj. [EMM], |Groj . |Pol| . [Ro| ). This tangent Lie group bundle can be 
described as follows. 

First, there is an intrinsic Levi form as the 2-form C : H x H ^ TM/H such 
that, for any point a £ M and any sections X and Y of H near a, we have 

(5.1) CaiX{a),Yia))^[X,Y]{a) modi?,. 

In other words the class of [X, F](a) modulo Ha depends only on X{a) and Y{a), 
not on the germs of X and Y near a (see [Pol) ). 

We define the tangent Lie algebra bundle qM as the graded Lie algebra bundle 
consisting of (TM/H) © H together with the fields of Lie bracket and dilations such 
that, for sections Xq, Iq of TM/H and X' , Y' of H and for t e M, we have 

(5.2) [Xo + X',Yq + Y']= C{X',Y'), t.{Xo+X')=t^Xo + tX'. 

Each fiber QaM is a two-step nilpotent Lie algebra so, by requiring the exponen- 
tial map to be the identity, the associated tangent Lie group bundle GM appears 
as {TM/H) (B H together with the grading above and the product law such that, 
for sections Xq, Yq of TM/H and X', Y' of H, we have 

(5.3) (Xo + x').{Y,, + y') = Xo + yo + ^/:(^', y') + ^' + y' ■ 

Moreover, if (/) is a Heisenberg diffeomorphism from (M, H) onto a Heisenberg 
manifold {M',H') then, as we have (j)^,H — H' , we get linear isomorphisms from 
TM/H onto TM' /H' and from H onto H' , which can be combined together to 
give rise to a hnear isomorphism (jy'^j : {TM/H) ® H ^ {TM' /H') ® H' . In fact 
(j)'^ is a graded Lie group isomorphism from GM onto GM' (see |Pol| ). 

5.2. Heisenberg calculus. The initial idea in the Heisenberg calculus, which 
goes back to Stein, is to construct a class of operators on a Heisenberg manifold 
(M'^+-'^, iJ), called ^'//DOs, which at any point a € M are modeled on homogeneous 
left-invariant convolution operators on the tangent group GaM . 

Locally the ^E'/zDOs can be described as follows. Let U C M'*+^ be an open of 
local coordinates together with a frame Xq, . . . , Xd of TU such that Xi, . . . , Xd 
span H. Such a frame is called a H-frame. Moreover, on R'^+i we introduce the 
dilations and the pseudonorm, 

(5.4) t.i^{t^^o,t^i,---,tO, i>0, 

(5.5) m\ = {eo+ei + ---+e,)'^'- 

In addition, for any multi-order a £ N'^^^ we set ((3) = 2/3o + (3i + . . . + I3d- 
The Heisenberg symbols are defined as follows. 

Definition 5.1. 1) Sm{U x R'^+-'^), m e C, is the space of functions p{x,£,) in 
G'^{U X M^+i\0) such thatp{x,t4) = t"'p{x,0 for any t > 0. 

2) S"'{U X R'^+^), m e C, consists of functions p G C°°{U x R'^+^) with an 
asymptotic expansion p ~ J2j>oP^n-j , Pk £ Sk{U x R'^+^), in the sense that, for 
any integer N , any compact K C U and any multi-orders a, (3, there exists a 
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constant CnkocP > such that, for any x ^ K and any ^ G R''+^ so that \\^\\ > 1, 
we have 

(5.6) \d:di{p-Y.p^.j)ix,o\ < c^K./3iicf 

j<N 

Next, for j — 0, . . . ,d lei aj{x,£^) denote the symbol (in the classical sense) of 
the vector field \Xj and set ct = (ctq, ■ • ■ , cr^). Then for p e 5""(C7 x R-^+i) we let 
p{x, —iX) be the continuous linear operator from C^{U) to C°°{U) such that 

(5.7) p{x,-iX)u{x) = (27r)-('^+i) J e^-^pix, a{x, ^MOd^ Vu £ C^{U). 

Let (Af^+^j i?) be a Heisenberg manifold and let f be a vector bundle over M. 
We define ^'//DOs on M acting on the sections of £ as follows. 

Definition 5.2. ^^(A/, f), m £ C, consists of continuous operators P from 
C^{M,£) to C°^{M,£) such that: 

(i) The Schwartz kernel of P is smooth off the diagonal; 

(ii) In any trivializing local coordinates equipped with a H -frame Xq, . . . , X^ the 
operator P can he written as 

(5.8) P = p{x,~iX) + R, 

where p{x, ^) is a Heisenberg symbol of order m and R is a smoothing operator. 

Let Q*M denote the (linear) dual of the Lie algebra bundle qM of GM with 
canonical projection pr : 2*M M. As shown in To2j (see also [EM]) the principal 
symbol of P £ \I/^(M, £) can be intrinsically defined as a symbol CFm{P) of the class 
below. 

Definition 5.3. Sm{Q* M,£), m G C, consists of sections p £ C°°(g*M\0, Endpr*f ) 
which are homogeneous of degree m with respect to the dilations in i5.2\) . i.e., we 
have p(x, A.^) — X™p{x, ^) for any A > 0. 

For any a G M the convolution on GaM gives rise under the (linear) Fourier 
transform to a bilinear product for homogeneous symbols, 

(5.9) : 5™, [qIM, £a) x 5,^, (fl^f, £a) 5„H+m. ielM, f,), 

This product depends smoothly on a as much so it gives rise to the product, 

(5.10) * : SmA3*M,£) x S,„,(0*A/,f) ^ S,„,+™, (0*M, f ), 

(5.11) Pnn *Pm2{a,0 = [Pmi(a, •) p„i2{a,.)]{0- 

This provides us with the right composition for principal symbols, since for any 
operators Pi G (M, £) and P2 £ ^'2' (M, £) such that Pi or P2 is properly 
supported we have 

(5.12) c7™,+,„,(PiP2) = a„,,{Pi) * a„,,{P2). 

Notice that when GaM is not commutative, i.e., when Ca 7^ 0, the product 
*° is not anymore the pointwise product of symbols and, in particular, it is not 
commutative. As a consequence, unless when H is integrable, the product for 
Heisenberg symbols, while local, it is not microfocal (see [BGr] ). 

When the principal symbol of P G \1/^(M, f) is invertible with respect to the 
product *, the symbolic calculus of [BGr] allows us to construct a parametrix for 
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P in 'i>J/^{M,£). In particular, although not elliptic, P is hypoelliptic with a 
controlled loss/gain of derivatives (see |BGr] ). 

In general, it may be difficult to determine whether the principal symbol of a 
given operator P g ^'^(M, £) is invertible with respect to the product *, but this 
can be completely determined in terms of a representation theoretic criterion on 
each tangent group GqM, the so-called Rockland condition (see [Po2j . Thm. 3.3.19). 
In particular, if cr,„(P)(a, .) is pointwise invertible with respect to the product 
for any a € M then <T,n{P) is globally invertible with respect to 

5.3. Logarithmic singularity and noncommutative residue. It is possible 
to characterize the ^I'i/DOs in terms of their Schwartz kernels (see |BGrj ). As a 
consequence we get the following description of the singularity near the diagonal of 
the Schwartz kernel of a ^'j^DO. 

In the sequel, given an open of local coordinates U C K'^^^ equipped with a H- 
frame Xq, . . . , Xd of TU , for any a G U we let ipa denote the unique affine change 
of variables such that V'a(a) = and {'ipa*Xj){0) = g|- for j = 0, 1, . . . , + 1. 

Definition 5.4. The local coordinates provided by ipa are called privileged coordi- 
nates centered at a. 

Throughout the rest of the paper the notion of homogeneity refers to homogene- 
ity with respect to the anisotropic dilations (|5.4p . 

Proposition 5.5 f [Po3l Prop. 3.11]). Let ^'™(M,£:), m e Z. 

1) In local coordinates equipped with a H-frame the kernel kp{x, y) has a behavior 
near the diagonal y = x of the form 

(5.13) fcp(x,2/)= J2 a,(x,-V.(y))-cp(x)log||V.(2/)||+0(l), 

-(m+d+2)<j<-l 

where aj{x,y) £ C°°{U x (R"\0)) is homogeneous of degree j in y, and we have 

(5.14) cp(a;) - (2^)-(^+i) / P-id+2){x,0iEd^, 

where P-(d+2)(2;,C) is the symbol of degree — (d + 2) of P and E denotes the 
anisotropic radial vector 2x^8^0 + x^d^i -I- ... -I- x'^d^d . 

2) The coefficient cp{x) makes sense globally on M as an END £-valued density. 

Let P G vl/™(M, £) be such that its principal symbol is invertible in the Hciscn- 
berg calculus sense and let Q G 'iiJj"^{M,£) be a parametrix for P. Then Q is 
uniquely defined modulo smoothing operators, so the logarithmic singularity cq{x) 
does not depend on the particular choice of Q. 

Definition 5.6. If P G \I'^(M, f), m G Z, has an invertible principal symbol, then 
its Green kernel logarithmic singularity is the density 

(5.15) 7p(x) := CQ(a;), 

where Q G ^'^'"(M, f) is any given parametrix for P. 

In the same way as for classical ^DOs the logarithmic singularity densities are 
related to the construction of the noncommutative residue trace for the Heisenberg 
calculus (see |Po3) ). 
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Let *^*(M,£:) = U3}„<_(d+2)*"'(M,£) be the class of *hDOs whose symbols 
are integrable with respect to the ^-variable. If P is an operator in this class, 
then the restriction of its Schwartz kernel kp(x, y) to the diagonal defines a smooth 
End£-valued density kp(x, x). In particular, if M is compact, then P is trace-class 
and its trace is given by (|1.7p . 

The map P — » kp{x,x) admits an analytic continuation P — > tp{x) to the class 
£) of non-integer order ^'//DOs, where is analyticity is meant with respect 
to holomorphic families of \E'ijDOs as defined in |Po2| . Moreover, if P G '^'^{AI, £) 
and if (P{z))z£c is a holomorphic family of ^'//DOs such that ordP(z) = ordP + z 
and P(0) = P, then the map z —>■ ip(z)(a;) has at worst a simple pole singularity at 
z = in such way that 

(5.16) Res z=o t {x) = —cp{x). 

Assume now that AI is compact. Then the noncommutative residue for the 
Heisenberg calculus is the linear fmictional Res on '^^{M,£) defined by 

(5.17) ResP:= / ti £ cp{x) yPe^jj{M,£). 

It follows from (j5.16|) that if {P{z))z^c is a holomorphic family of ^P/zDOs such 
that ordP(z) = ordP + z and P(0) = P, then the map z Trace P(z) has an 
analytic extension to C\Z with at worst a simple at z = in such way that 

(5.18) Res^=o Trace P(z) = - Res P. 

Using this it is not difficult to check that the above noncommutative residue is a 
trace on ^'^(M, £). This is even the unique trace up to constant multiple when M 
is connected (see [Po3j ). 

Finally, suppose that AI is endowed with a positive density and £ is endowed 
with a Hermitian metric. Let P : C°°{M,£) C°°{M,£) be a selfadjoint *hDO 
of integer order m > 1 such that the union set 9{P) of the principal cuts of its 
principal symbol agrees with C \ [0, oo) (see |Po5) for the precise definition of a 
principal cut). This implies that the principal symbol of P is invertible in the 
Heisenberg calculus sense. This also implies that P is bounded from below, hence 
gives rise to a heat semigroup e~*-^, t > 0. 

For any t > Q the operator e~^^ has a smooth Schwartz kernel kt{x,y) in 
C°°{AI,£)'^C°°{AI,£* (g) |A|(M)), and as t ^ 0+ we have the heat kernel asymp- 
totics, 

(5.19) fct(x,x) -t-^^t*a,(P)(a:)+logt^t'=fefe(P)(a:), 

j>0 k>0 

where the asymptotics takes place in C°°(M, End £" ® |A|(M)), and when P is a 
differential operator we have 02^-1 (P) (a;) = hj{P){x) = for all j G N (see |BGS) . 

WM, IMI). 

As in (|1.12p if for j = 0, . . . , 7i — 1 we set ctj = ^^^-§7^, then we have 

(5.20) mcp-^j (x) = ReSs^cTj tp-s{x) = V{ajY^a-2j{P)(x). 
In particular, we get 



(5.21) 



m^p[x) = ad+2-m[P){x). 
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6. Logarithmic singularities of contact invariant operators 

The aim of this section is to prove an analogue of Proposition 12. II in the setting 
of contact geometry. 

Let (1'/^"+^, iJ) be an orientable contact manifold. This means that {M,H) 
is an orientable Heisenberg manifold such such that H can be represented as the 
annihilator of a globally defined contact form, that is, a 1-form 9 on M such that 
H = kerd and ddin is nondegenerate. We further assume that 9 is chosen in such 
way that the top-degree form d9" A 6* is in the orientation class of M. This uniquely 
determines the contact form 6* up to a conformal factor. 

As we will recall in Section [8l the CR GJMS of Gover-Graham fGG] on a pseu- 
dohcrmitian manifold transform covariantly under a conformal change of contact 
form. These operators include the CR Yamabe operator of Jerison-Lee |JL1| . for 
which N.K. Stanton [St] p. 276] determined the behavior of the logarithmic singu- 
larity of the Green kernel under a conformal change of contact form. 

More generally, let O be the class of contact forms on M that are conformal 
multiples of 9, and let let {Pg)g^Q C ^'^(Af, £) be a family of mth order ^//DOs in 
such way that there exist real numbers w and w' so that, for any / in C°°(Af, M), 
we have 

(6.1) P,fe=e'"'fPee-'^f mod *^°°(M, f ). 
Then the following holds. 

Proposition 6.1. 1) We have 

(6.2) cp,^(x)-e-("'-'"')/(^)cp,(x) V/eC°°(Af,R). 

2) Suppose that the principal symbol of Pg is invertible in the sense of the Heisen- 
berg calculus. Then we have 

(6.3) 7P,,(^)-e-(-'-)/(-)7p,(a;) V/ G C"" (Af , M) . 

3) Suppose that, for any 9 G Q, the operator is Pg is selfadjoint with respect 
to some density on M and some Hermitian metric on £ , and the union-set of the 
principal cuts of the principal symbol of Pg is <C\ [0, oo). Then we have 

(6.4) a2n+2-rn{Pefe){^) = e"^"'""^^^"' fl2„+2-m (^9 ) (o:) V/ G C°°(Af,E), 

where a2n+2-miP§)ix) is the coefficient oft^^ in the heat kernel asymptotics 115. 19\) 
forPg. 

Proof The proof is similar to that of Proposition O Let / G C°°(Ar,R), set 
9 = 3^9 and let kpg{x,y) and kp.{x,y) denote the respective Schwartz kernels of 
Pe and Pg. Then it follows from (|6.2p that we have 

(6.5) kp^ {x, y) = e^'f^-hp^ {x, y)e-^f^y^ -f 0(1). 

Next, let U C R'^"+^ be an open of local coordinates equipped with a i7-frame 
Xo, . . . , Xd- By Proposition IS . 5l the kernel fcpg (x, y) has a behavior near the diagonal 
of the form 

(6.6) kp^{x,y)= aj{x,'ip^{y)) - cpg{x)\og\\ilj^{y)\\-\- 0(1), 

-(m+2n+2)<j<-l 
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where aj{x,y) G C°°{U x (M"\0)) is homogeneous of degree j with respect to y. 
Combining this with (j6.5p then gives 

(6.7) kp-{x,y)^ 

b{x,i}^{y))a^{x,ip^{y)) ~ cp^{x)b{x,ij^{y))log\\i}^{y)\\ +0(1), 

-(m+2ri+2)<j<-l 

where we have set b{x,y) = e-'"-'^^'''- 

The Taylor expansion of b{x, y) near y = can be written in the form 

(6.8) &(x,2/)=^l9,"6(x,0)2;"+ ^ 2/"r„(x,2/), 

(a)<m {cy}—m 

where the functions ra{x, y) are smooth near y — x. By arguing as in the proof of 
Proposition 12 . II we can show that 

(6.9) b{x,y)aj{x,y) ^ ^ l.d'^b[x,Q)y''a,[x,y) + 0[1), 

(q)|+j<-1 

(6.10) b{x, y) log ||y|| = b{x, 0) log ||y|| + 0(1) = e-^"'-"'')^^-) log \\y\\ + 0(1). 
Combining this with (j6.7p then shows that 

(6.11) fcp,(x,t/) = 

^ ^d^b{x, 0)Myra,ix, y)~cp„ (x)e-(— log || V.(y) 1|+0(1). 

-{m+2n+2)<\a\+j<-l 

This shows that cp-{x) = e^"^^^^^ ^^^^^ cpg{x) as desired, so the 1st part of the 
proposition is proved. 

Next, suppose that the principal symbol of Pg is invertible in the Heisenberg 
calculus sense. Because of (|6.ip this implies that the principal symbol of Pg is 
invertible as well. Let Qq 6 ^'^'"(M, f) be a parametrix for Pq and, similarly, let 
Qg G ^J/^{M,£) be a parametrix for Pg. By arguing as in the proof of Proposi- 
tion 12.11 we can show that 

(6.12) Qg = e'"-^Qee-'"'^ mod *-°°(Af, £). 
Therefore, it follows from the first part of the proof that 

(6.13) jpAx) = CQ,{x) = e-(-'-)/(-)cQ,(x) = e-<^-'-^'>^<^^hpAx)- 

The 2nd part of the proposition is thus proved. 

Finally, thanks to (|5.2ip the third part of the proposition is an immediate con- 
sequence of the second one. □ 

Remark 6.2. The third part of Proposition lOl has also been obtained by N.K. Stan- 
ton [Stl Thm. 3.3] in the special case of the CR Yamabe operator on a pseudoher- 
mitian manifold. 

22 



7. pseudohermitian invariant ^ji^dos and their logarithmic 

Singularities 

In this section, after some preliminary work on local pseudohermitian invariants 
and pseudohermitian invariant ^E'jjDOs, we shall prove that the logarithmic sin- 
gularities of the Schwartz kernels and Green kernels of pseudohermitian invariant 
^'//DOsgive rise local pseudohermitian invariants. 

7.1. The geometric set-up. Let (M^"+^,77) be a compact orientable CR mani- 
fold. Thus (M^"+^, H) is a Heisenberg manifold and H is equipped with a complex 
structure J G C°°(M, EndT?), = -1, in such way that Ti^q := ker( J-hi) C TcM 
is a complex rank n subbundle integrable in Frobenius' sense (i.e. C°°{M,Tifi) is 
closed under the Lie bracket of vector fields). In addition, we set Tq^i Ti.o = 
ker(J — i). 

Since M is orientable and H is orientable by means of its complex structure, 
there exists a global non- vanishing real 1-form such that H — ker6'. Associated 
to 9 is its Levi form, i.e., the Hermitian form on Ti.o such that 

(7.1) Le{Z,W) ^ ~id6{Z,W) ^i6{[Z,W]) yZ,W<^C°^{M,Ti,a). 

We further assume that M is strictly pseudoconvex, that is, we can choose 6 so 
that Lg is positive definite at every point. In particular 6* is a contact form on M . In 
the terminology of [We| the datum of such a contact form defines a pseudohermitian 
structure on M . 

Since 6* is a contact form there exists a unique vector field Xq on Af, called the 
Reeh field, such that lxqO — 1 and LxodO — 0. Let TV C T^M be the complex line 
bundle spanned by Xq. We then have the splitting 

(7.2) TcM = AA©Ti,o©Toa. 

The Levi metric hg is the unique Hermitian metric on T^M such that: 

- The splitting (j7.2|) is orthogonal with respect to hg ; 

- hg commutes with complex conjugation; 

- We have /i(Xo,Xo) — 1 and hg agrees with Lg on Ti^. 

Notice that the volume form of hg is -^dO'^ A 9. 

As proved by Tanaka [Ta| and Webster |We| the datum of the pseudohermi- 
tian contact form 9 uniquely defines a connection, the Tanaka- Webster connection, 
which preserves the pseudohermitian structure of M, i.e., such that V0 — and 
V J = 0. It can be defined as follows. 

Let {Zj} be a frame of Ti^o- We set Z-j = Zj. Then {A"o, Zj, Z^} forms a frame 
of TcM. In the sequel such a frame will be called an admissible frame of TcM. 
Let {9,9^,9^^} be the coframe of T^M dual to {Xo,Zj,Zj}. With respect to this 
coframe we can write d9 = ih^^.9^ A 9^ . 

Using the matrix {hjj.) and its inverse {h^'^) to lower and raise indices, the 
connection 1-form oj = {'-oj^) and the torsion form = Ajk9^ of the Tanaka- 
Webster connection are uniquely determined by the relations 

(7.3) df?^- - e^' A Lj/ + A T^ ujft,+oj-k^^dhfk, Ajk^Ak,. 
In addition, we have the structure equations 

(7.4) dc./ - c./ Aa;, = R^\^9' ^9^ + Wf^fi' A 9 - W-^^i& K9 + 19, A - it, A 
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The pseudohermitian curvature tensor of the Tanaka- Webster connection is the 
tensor with components RjUrm i^s Ricci tensor is p^j. :— R/jj^ and its scalar cur- 
vature is Ke := Pj' . 

7.2. Local pseudohermitian invariants. Let us now define local pseudohermi- 
tian invariants. The definition is a bit more complicated than that of a local Rie- 
mannian invariants, because: 

- The components of the Tanaka- Webster connections and its curvature and 
torsion tensors are defined with respect to the datum of a local frame Zi , . . . , Z„ 
which docs not correspond to frame given by derivatives with respect to coordinate 
functions; 

- In order to get local pseudohermitian invariants from pseudohermitian invariant 
^'/fDOs it is important to take into the tangent group bundle of a CR manifold, in 
which the Heisenberg group comes into play. 

This being said, in order to define local pseudohermitian invariants some notation 
need to be introduced. 

Let U C M" be an open of local coordinates equipped with a frame Zi, . . . , Zn 
of Ti^Q. We set Zj — Xj — iXn+j, where Xj and Xn+j are real vector fields. 
Then Xq, . . . , X2n is a local i7- frame of TM. We shall call this frame the H -frame 
associated to Zi, . . . , Z„. 

Let . . . , 77^" be the coframe of T*M dual to Xo, . . . , X2n (so that rf ^6). We 
set Xj = Xj^d^k and 77^ = rj\dx^ . We also set Zj = Z^^d^k. It will be convenient 
to identify Xq{x) with the vector iXf^ix)) G R^n+i ^nd Z{x) := {Zi{x), . . . , Z„(x)) 
with the matrix {Z^^ix)) in M„_2n-i-i(C)^ , where the latter denotes the open subset 
of M„_2n-i-i(C) consisting of regular matrices. 

For j, = 1, . . . , n we set h^^. = hg{Zj,Zk) = i9{[Zj, Zj^]), and for j,k — 1, . . . ,2n 
we set Ljk — 9{[Xj,Xk])- Let M„(C)+ denote the open cone of positive definite 
Hermitian n x n matrices. In the sequel it will also be convenient to identify hg 
with the matrix hg{x) := {hj^{x)) S M„(C)+. 

Thanks to the integrability of Ti^o we have 9{[Zj,Zk]) = 0. As we have [Zj, Zk] = 
[Xj,Xk] - [Xn-\-j,Xn+k] - i{[Xn+j,Xk] -\- [Xj,Xn-\-k]) we See that 

(7.5) Ln+j^n+k = Lj,k and Lj^n+k = ^Ln+j^k- 

Since [Zj,Zj.] = [Xj,Xk] + [Xn+j,Xn+k] + i{[Xn+j,Xk] - [Xj,Xn+k]) we get 

(7.6) = i9{[Z,, Zj,]) = 2iL,k + 2L„+jk. 
In other words, we have 

For any a G U we let i/ja be the affine change of variables to the privileged 
coordinates centered at a (cf. Definition l5.4p . One checks that ipai^Y = rj\{x^—a*'), 
so we have 

(7.8) i^a*X,^X^\iUx)WMdi. 

Given a vector field X defined near a; = let us denote ^(0)/ the vector field 
obtained as the part in the Taylor expansion 'At x — Q oi X which is homogeneous of 
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degree I with respect to the Heisenberg dilations (|5.4p . Then the Taylor expansions 
at a; = of the vector fields ipa*XQ, . . . , iJa*X2n take the form 

(7.9) Xo = 4")+Xo(0)(_i) + ..., 

(7.10) Xj=xj"'+X,(0)(o) + ..., l<j<2n, 
with 

(7.11) = d^o, Xf'^ = + bjk{a)x^d^o, l<j< 2n, 

where we have set bjk{a) := dk[Xj'' {'4'a{x))]\x=oV^iio.)- Notice that A'q"' is homoge- 
neous of degree —2, while x['^\ . . . , X^'^^ are homogeneous of degree —1. 

The linear span of the vector fields Xg"-* , . . . , X2'^ is a 2-step niloptent Lie algebra 
under the Lie bracket of vector fields. Therefore, this is the Lie algebra of left- 
invariant vector fields on a 2-step nilpotent Lie group G'-"''. The latter can be 
realized as E^""*"^ equipped with the product, 

(7.12) x.y = {x° + yO + bk,{a)x^y\x' +y\...,x^^ + y^"). 

Notice that = {bkj{a) - bjk{a))X^''\ In addition, we can check that 

[4)a*Xj,ipa*Xk]{0) = (bkjia) - bjk{a))dxO mod Hq. Thus, 

(7.13) Ljk{a) = e{Xj,Xk){a) = (Va*e)([V'a*^j, V^a*^fe])(0) 

= (rfo;", [il>a*Xj,ipa*Xk]{Q)) = bkj{a) - bjk{a). 

This shows that G'-"-' has the same constant structures as the tangent group GaM, 
hence is isomorphic to it (see |Pol| ). This also implies that {~^Ljk{a)) is the skew- 
symmetric part of {bjk{a)). For j,k = 1, . . . , 2n set iijk{a) = bjk{a) + ^Ljk{a). The 
matrix [jjLjkia)) is the symmetric part of {bju(a)), so it belongs to the space S'2n(E) 
of symmetric 2n x 2n matrices with real coefficients. 
In the sequel we set 

(7.14) n = Af„(C)+ X R2"+i X Af„,2„+i(C)^ x 52„(K). 

This is a manifold, and for any x ^ U the quadruple {h{x), Xq{x), Z{x), ij-{x)) is an 
element of fl depending smoothly on x. 

In addition, we let V be the set of monomials in the undetermined variables 
5"Xq'^', d'^Z^ and d°'Z^ , where the integer j ranges over {1, . . . , n}, the integer 
k ranges over {0, . . . ,2n}, and a ranges over all multi-orders in Nq". Given the 
Reeb field X^ and a local frame Zq, . . . , Z„ of Ti^o by plugging 9"Xo'^(x), d'^Z^^ix) 

and d'^Z^(x) into a monomial p G "P we get a function which we shall denote 
p(Xo,Z,Z)(x). 

Bearing all this mind we define local pseudohermitian invariants as follows. 

Definition 7.1. A local pseudohermitian invariant of weight w is the datum on 
each pseudohermitian manifold (A/^"+^, 0) of a function Tq G C°°{M) such that: 

(i) There exists a finite family {ap)^(=.'p C G°°(ri) such that, in any local coordi- 
nates equipped with a frame Zi, . . . , Z„ ofTifl, we have 

(7.15) Ie{x) = ^ap(/i(a;),Xo(a^),^(a;),Ma;))p(^o,Z,^)(a;). 

(ii) We have Tte{x) = t^'^2e{x) for any t > 0. 
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Any local Riemannian invariant of hg is a local pseudohermitian invariant. How- 
ever, the above notion of weight for pseudohermitian invariant is anisotropic with 
respect to hg. For instance if we replace 9 by t6 then hg is rescaled by t on TloQIo,! 
and by on the vertical line bundle A/" ® C. 

On the other hand, as shown in [JL2[ Prop. 2.3] by means of parallel translation 
along parabolic geodesies any orthonormal frame Zi(a), . . . , Zn{a) of Ti^o at a point 
a e Af can be extended into a local frame Zi, . . . , Z„ of Ti.o near a. Such a frame 
is called a special orthonormal frame. 

Furthermore, as also shown in [JL2' Prop. 2.3] any special orthonormal frame 
Zi, . . . , Z„ near a allows us to construct pseudohermitian normal coordinates xq, — 

+ zx""*"^, . . . , z" = + ix2n centered at a in such way that in the notation 
of ([7:9 l) -irrT0 l) we have 

(7.16) Xo(0)(_2) -a,o, Z,(0)(_i) =9,. +^zJa,o, c^,fe(0) = 0. 

Set Zj = Xj — iXn+j, where Xj and Xn+j are real vector fields. Then we have 
~ ^xi ^ ^x^^^d^o and X„+j(0)(_i) = d^n+j + ^x^d^o. In particular, we 
have Xj{Q) ~ d^j for j = 0, . . . , 2n. This implies that the affine change of variables 
ipo to the privileged coordinates at is just the identity. Moreover, in the notation 
of (|7.1ip for j = 1 , . . . , 71 we have 

(7.17) Xf - a,. - ia;"+^9,o , 4°^ = + ix^9,o . 

Incidentally, this shows that the matrix (6jfe(0)) is skew-symmetric, so its symmetric 
part vanishes, i.e., we have /x(0) = 0. 

Proposition 7.2. Assume that on each pseudohermitian manifold (M^"+-'^,0) there 
is the datum of a function Xg £ C°°(M) such that Ttg{x) = t^^Ig{x) for any t > 0. 
Then the following are equivalent: 

(i) Ig{x) is a local pseudohermitian invariant; 

(ii) There exists a finite family (ap)pg-p C C such that, for any pseudohermitian 
manifold (M^""'"^,0) and any point a G M, in any pseudohermitian normal coor- 
dinates centered at a associated to any given special orthonormal frame Zi , . . . , Z„ 
ofTi Q near a, we have 

(7.18) Ig{a) = Y,<^pP{Xo,Z,Z){x)\,^o- 

pev 

(Hi) Tg[x) is a universal linear combination of complete tensorial contractions 
of covariant derivatives of the pseudohermitian curvature tensor and of the torsion 
tensor of the Tanaka- Webster connection. 

Proof. The proof will consist in proving the implications (iii) => (i) , (i) (ii) and 
(ii) {iii). We shall prove them in this order. 

First, let Zi, . . . , Z„ be a local frame of Ti.o and let 9^ , . . . , 9"' be the corre- 
sponding coframe of Ti p. Then it follows from (|7.3p and (|7.4p that in local co- 
ordinates the components Rjkim ^^'^ ^jk of its curvature and torsion tensors of 
the Tanaka- Webster connection with respect to the frame are universal expressions 
of the form (|7.15p . Therefore, any linear combination of complete tensorial con- 
tractions of covariant derivatives of the curvature and torsion tensors yield a local 
pseudohermitian invariant. This proves the implication (iii) ^ (i). 
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Second, let Tg{x) be a local pseudohermitian invariant. Then there exists a finite 
family (ap)pg-p C C°°(il) such that, in any local coordinates equipped with a frame 
Zi, . . . , Zn of Ti^Oj we have 

(7.19) Ie{x) = Y,apiHx),M^),Z{x),fi{x))p{Xo,Z,Z){x). 

pev 

Let a € M and let us work in normal pseudohermitian coordinates centered at a 
and associated to a special orthonormal frame Zi, . . . , Z„ of Ti^q. Since Zi, . . . , Z„ is 
an orthonormal frame we have hj^ = Sjj^. Moreover, by (|7.16p we have Xo{0) = d^o 
and Zj{0) = d^,, i.e., Xo(0) = ((Jq*^) and Z(0) = (5/ - i(5„+/). In addition, 
by dnZD we have ^(0) = 0. Set Op = (('Jjfe), ((5o'=), (<5/ - «<^„+/),0). Then 
by ([7719)1 we have 

(7.20) Ig{a) = J2^pPiXo,Z,Z){0). 

pev 

Since the Op 's are universal constants this shows that Xg satisfies (ii) . The implica- 
tion (i) (ii) is thus proved. 

It remains to prove the implication (ii) (iii). To this end assume that there 
exists a finite family (ap)pgp C C such that, for any pseudohermitian manifold 
(M2"+i,6') and any point a G M, in any pseudohermitian normal coordinates 
centered at a and associated to any given special orthonormal frame Zi , . . . , Z„ of 
Ti^o near a, we have 

(7.21) Ig{a) = Y,apPiXo,Z,Z){x)\,^o- 

pev 

In the sequel by order of a differential operator we mean order in the Heisenberg 
calculus sense, and by polynomial in partial or covariant derivatives of components 
of some tensors or forms we mean a polynomial in these quantities and their complex 
conjugates. Bearing this in mind, by |JL2i Prop. 2.5] in normal pseudohermitian 
coordinates associated to any given special orthonormal frame Zi, . . . , Z„ of Ti g 
with dual coframe 6*^, . . . , 6*" the following holds: 

(a) At a; = the partial derivatives of order < iV of the components of the 
contact form 9 are universal polynomials in partial derivatives of order < N oi the 
components of the forms 9^ ; 

(b) At a; = the partial derivatives of order < iV of the components of the forms 
9^ are universal polynomials in partial derivatives of order < of the components 
ujji^ and Ajk of the connection 1-form and torsion tensor of the Tanaka- Webster 
connection; 

(c) At a; = the partial derivatives of order < A^ of the components Uj^. are 
universal polynomials in partial derivatives of order < A^ of the components Rj^ifn 
and Ajk of the pseudohermitian curvature tensor and torsion tensor of the Tanaka- 
Webster connection. 

It follows from this that at a; = the partial derivatives of order < A^ of the 
components of the vector fields Xq, Zi, . . . , Z„ are universal polynomials in partial 
derivatives of order < A^ of the components RjUm ^^'^ ^jk of the pseudohermitian 
curvature tensor and torsion tensor of the Tanaka- Webster connection.. Therefore 
Xe(0) is a universal polynomial in partial derivatives at a: = of these components. 
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Next, by definition the pseudohermitian cuvarture tensor Rjj^ifn is a section of 
the bundle T A^'" «) A"'^ ® A^'^ (g) A°'^ Let V'^ be the lift of V to T, so that 
with respect to the local frame {9^^ 6^^ ® 6^-^ (X> 9^"^} of T we have 

(7.22) = d + tj-''^^ ®l«)l(g)l + l® Lu^l^ (g) 1 (g) 1 + . . . . 

For j = 1, .., 71 set = Xj - iX^+j where Xj = and X„+j = A:„+j^ 

are real-valued vector fields. An induction then shows that, for any ordered subset 
J = (ii, . . . , iat) C {0, . . . , 2n}, we have 

(7.23) v5^^...v5,_^=X,^^'^...X,fa,.,-..5,,„+ Yl 

a|<Af-l 

where the components of aj^a ~ ('^"'fc/s2^\3*'fc4-' ^^^^ respect to the frame {6^^ (g 
6'''2 (g 6'-'3 g) ^■'■i } are universal polynomials in the partial derivatives of order < — 1 
of the components X^j'' and cuj^ ( A"i, ) . 

We know that at a; = the partial derivatives of order < A^ — 1 of the components 
X-^^ and ujji^ (X^, ) are universal polynomials in partial derivatives of order < N —1 
of the curvature and torsion components Rj^im a-nd Ajk- Moreover ()7.16|) implies 
that X^-^^ ■ ■ ■ A"j^"9j,ji • ■ • (0) — d^ii ■ ■ ■ d^i^ . Therefore, for any multi-order a 
in Nq"^"^ such that \a\ = N, we have 

(7.24) 9."%irn(0) = ((V5j"° • • • {yU"'"R)f,i^ (0) + P.(i?,r), 

where Pa{R,T) is a universal polynomial in the partial derivatives at a; = of 
order < A'^ — 1 of the components of the pseudohermitian cuvarture tensor and that 
of the torsion tensor. 

On the other hand, as Zi, . . . , Z„ is an orthonormal frame we have 

(7.25) 9{[Z„ Z-^]) = -zd9{Z,,Z-,) = -i5f^. 
Furthermore, from (|7.3p we get 

(7.26) e\[Z,,Zj,]) = -de\Z,,Zj,) = -~uj^{Z^. 
Together (TT^ and ([7:^ show that 

(7.27) [Z„ Zfe] = -i5f^X^ - ^l{Z-^)Zi + J-^{Z,)Zj. 
Combining this with the fact that [Zj, Zj] = 2i[Xj^ Xn+j] we deduce that 

(7.28) ^0 = - E + iu^,\Z^)Zu - iiu){Z,)Zj,} . 



n 



Thus, 



1 " 



n 



Let i?^ be the pseudohermitian curvature of T. Its components with respect to 
the orthonormal frame {9^^ g) 9^'^ g) 9^^ ® 0^*"} are 



(7.30) R\ \ = . g) 1 (g 1 ® 1 1 g) , - g) 1 (g 1 
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As R'^{Xj,Xn+j) = [Vj^, Vj^^^J - ^'[x.-,x„+ ] it follows from f^TWf that Vj^ is 
equal to 

1 " 

By combining this with (|7.24p we then can show that, for any multi-order a in 

No"+^ such that \a\ = N, we have 

(7.32) 

VV / Jfkm 

where Pa{R, t) is a universal polynomial in the partial derivatives at a; = of or- 
der < — 1 of the components of the components of the pseudohermitian curvature 
tensor and that of the torsion tensor. 

The tensor Ajk is a section of the bundle T' := A^'° ® X^''^ . If we let denote 
the lift to T' of the Tanaka-Wesbter connection then, in the same way as above, 
we can show that, for any multi-order a G Ng"^^ such that |a| = A^, we have 




■(v5Lr"^l(0) + Oo(i?,r), 

Ijk 

where QaiR^T) is a universal polynomial in the partial derivatives at x = of 
order < A^ — 1 of the components of the pseudohermitian curvature tensor and that 
of the torsion tensor. By combining (|7.32p and (|7.33p and by arguing by induction 
we then can see that the value at x = of any partial derivative of order A^ of these 
components agrees with the value of an universal polynomial in their covariant 
derivatives of order < A^ with respect to the vector fields Xi, . . . , X2n- 

It follows from all this that 2e{0) agrees with value at x = of a universal polyno- 
mial in covariant derivatives with respect to the vector fields Zi, . . . , Zn, Zj, . . . , Zn 
of the components of the pseudohermitian curvature tensor and that of the torsion 
tensor. We then can make use of U (n)-invariant theory as in (BGSi pp. 380-382] 
to deduce that l0{x) is a linear combination of complete tensorial contractions of 
covariant derivatives of these tensors, i.e., Ie{x) satisfies (iii). This proves that (ii) 
implies (iii). The proof is thus achieved. □ 

7.3. Pseudohermitian invariants 'S'hDOs. We define homogeneous symbols on 
n X M2n-Hi as follows. 

Definition 7.3. Sm{^ x M^"+-'^), m e C, consists of be functions a{h,Xo, Z,£^) in 
C°°{n X (M2"+i \ 0)) such that a{e, Z, t^) = t"^a{e, Z, ^ > 0. 

In addition, recall that if Zi, . . . , Z„ is a local frame of Ti^g then its associated H- 
frame is the frame Xq, . . . , X2n of TM such that Zj = Xj — iXn+j for j = 1, . . . , n. 

Definition 7.4. A pseudohermitian invariant ^ hDO of order m and weight w 
is the datum on each pseudohermitian manifold {M'^"^^,0) of an operator Pg in 
*™(M) such that: 

(i) For j = 0, 1, . . . there exists a finite family (ajp)pe-p C Sm-ji^ x K^"+"'^) 
such that, in any local coordinates equipped with the H -frame associated to a frame 
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Zi, . . . , Z„ o/Ti.o, the operator Pg has symbol pg ^ '^Pe.m-j with 

(7.34) pg^,n-j(x, 

pev 

(a) For any t > we have Ptg = t^^' Pg modulo 5'^°°(Af). 

In addition, we will say that Pg is admissible ij in {7.34^ we can take aop(/i, Xq, Z, /i, ^) 
to he zero for p ^ 1. 

Before proving the analogues in pseudohermitian geometry of Proposition 13.31 
and Proposition 13.41 we need to recall some results about the symbolic calculus for 
^ffDOs. 

Given a matrix b = [bjk) £ M2„(M) we can endow R-^"+-'^ with a structure of 
2-step nilpotent Lie group by means of the product, 

(7.35) x.y = {x° + y° + 6fc,x^y^ x^ + y\ . . . , x^" + y^"). 

It follows from [BGrj that under the inverse Fourier transform the convolution for 
distributions with respect to this group gives rise to a product for homogeneous 
symbols, 

(7.36) : S„r, (M2"+1) x 5™, (R^^+i) S„^,+,n, {M.^"+^). 

Furthermore, this product depends smoothly on b. 

Let U C R^"+^ be an open of local coordinates equipped with a iJ- frame 
Xo,...,Xd. We let rf,...,rf'^ be the dual coframc and we set Xj = X^^d^k 
and rj^ — rj^'^dx''. 

For any a G U we let ipa be the affine change of variables to the privileged 
coordinates centered a, and we let Xq"\ . . . , X^""* be the model vector fields as 
defined in ()7.1H) . that is, we have X^"^^ ~ d^o and Xj"'"' = d^i + bjk(a)x^dxO where 
bjk{a) ■= Ljk{a) + ^,jk{a). As alluded to before the linear span of the vector fields 
Xq°^ , . . . , X^"^ is a 2-step nilpotent Lie algebra whose corresponding Lie group is 
isomorphic to the tangent group GaM and can be realized as K^" equipped with 
the group law ()7.35|) with bjk — bjk{a). Since the product (I7.36P for homogenous 
symbols on R^" depends smoothly on b and b{a) := {bjk{a)) depends smoothly on 
a, we get the following product for homogeneous symbols on [/ x R^"+^, 

(7.37) * : SrnAU X R2"+1) x S„^,{U X R2"+1) ^ 5™,+™, ((7 X R2"+1), 

(7.38) p™, *PmM,0 [PrnAa,-) *''<"^P™.(a,.)](0 Vp, e S,n,{U X R2«+1). 

We also can define a product for homogeneous symbols on x R^"+^ as follows. 
For any {h, n) in M„(C)+ x 52„(R) we let 

(7.39) bih,,):^lL + ,, 1(^11 f/^). 

As b{h,^) depends smoothly on {h, fi) we obtain the bilinear product, 

(7.40) * : S,nd^ X R2"+1) x 5,„,(17 x R^^+i) ^ (f! x R^n+i)^ 

such that, for any symbols pi E SmA^ ^ R^"+^) and p2 G Sm^i^ x R^^+i), on 
n X R2"+i we have 

(7.41) pm, *PmAh,Xo,z,^i,o = [PmAKXo,z,^i,.)^''<^''''^'^p„,,ih,Xo,z,^i,.)]iO■ 
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Observe that it follows from (|7.7p and from the very definition of fi{a) that we 
have b{x) — ^L{x) + ^{x) — h{h{x) , ii{x)) . Therefore, we see that, for any symbols 
pi e SrmiS^ X and pa e S,n^{n x M^n+i)^ on [/ x M^n+i j^^ve 

(7.42) [p„,,{h{x),Xo{x),Z{x),fi{x),0] * K,(/j(2:),Xo(2;),Z(x),M(a:),C)] 

= (Pmi *p„2)(/i(a;),Xo(a;),Z(a;),^(a;),^), 

where the product * on the l.h.s. is that for homogenous symbols on J7 x M^"+^ 
and the other product * is that for homogeneous symbols on x M^"+^. 

Next, let cFjix, ^) = Xj^{x)£^k be the classical symbol of \Xj. Then the symbol of 
'il)a*Xj isi>a*(Tj{x,^) := X > (-0a (x))/;' j. (a)^; . Wc sct cr(x, ^) = {aa{x,£), . . . ,c^2n(a;,C))• 
Similarly, we let crj"'' (x, ^) be the classical symbol of jX'^°'^ and we set ct'"' (x, ^) = 
(cro(a;, . . . , cr2n(x, ^)). Notice that ctq"-* (a;, i^) = ^o, while for j = 1, . . . , 2n we have 
(tY^{x,£_) = S,j + bjk{a)x'^^o. For any multi-order f3 G Nq" we can write 

(7.43) [^aMx,0-'^^''H^,Of = E e^^(a,a;)a('^)(x,e)^ 

l7l = l/3| 

where the coefficients ei3j{a,x) are smooth functions on U x ]R^"+^. We then let 
haf3'ys{a) be the smooth function on U given by 

(7-44) Kp^s{a) = -^^^^di[%p'-^{x)°'efs^{a,x)]\^=fi. 

Proposition 7.5 (jBGrl Thm. 14.7]). Let P e «'^(C/) have symbol p - J^Pm-j, 
let Q G ^E*^ (U) have symbol q ~ '^qm'-j, and assume that P or Q is properly 
supported. Then PQ belongs to \]/^+™ ([/) and has symbol r ^ ^rm+m'-j with 

(7.45) rm+,n'-j = E(j)^"/3')"5(^|P™-fe) * dx qm' -l) , 

where denotes the summation over all indices such that — \[3\ and \l3\-\-\a\ < 
{S) + (j3)-{i)^j-k-l. 

Bearing all this in mind we are now ready to prove: 

Proposition 7.6. Let Pg be a pseudohermitian invariant "^hDO of order m and 
weight w, let Qg be a pseudohermitian invariant ^ hDO of order m' and weight w' , 
and assume that Pg or Qg is uniformly properly supported. Then: 

1) PeQe is a pseudohermitian invariant ^!hDO of order m + m! and weight 
w + w' . 

2) If Pg and Qg are admissible, then PgQg is admissible as well. 

Proof. Since Pg and Qg are pseudohermitian invariant ^'//DOs, for j — 0,1,... 
there exist finite families (ajp)pg73 C Sm-j{^ x K^"+^) and (fejq)qg73 C Sm'-j{^ x 
R^"+^) such that, in any given local coordinates equipped with the 7J-frame as- 
sociated to a frame Zi, . . . , Z„ of Ti^Qj the respective symbols of Pg and Qg are 
P ~ Y.Pe,m-] and q ^ J^le.m'-] with 

(7.46) pg^,n~j(x,0 = ^p{Xo, Z, Z){x)ajp{h{x), Xq{x), Z{x), fi{x),£,), 

(7.47) qg^,n'-A^^O ^J2'^^^o,Z,Z)ix)b,^{h{x),Xoix),Zix),fiix),0- 
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Therefore, by Proposition l7.5l the operator PeQe has symbol r ~ ^ fm+m'-j, where 
rm+m'-jix,^) is equal to 

(7.48) ^'-P't' (^)P ' ^' ^) [^l"*P (^(^) ,Mx),Z{x),fiix),0]* 

[CD^d^iqiXo, Z,Z){x)bi, {h{x),Xo(x), Z{x), fi{x), 0)]- 

Notice that, given a multi-order a G Nq"^^, for any monomial q £ V and any 
symbol b G Sm{^ x R^"+^) there exists a universal finite family {Caq{c\,b))^^'p 
contained in Sm{^ x M^""*"^) such that 

(7.49) ^:[qiXo,Z,Z)ix)bih{x),Xo{x),Z{x),^i{x),0] = 

J2 q(^o, Z,Z)ix)C^~,iq, b){hix),Xo{x), Z{x), ^l{x), 0. 
c\er 

In addition, it follows from the very definition of the function hai3-ys{x) that there 
exists a universal finite family {hafi-fSx)xe'P <^ C°°(r2) such that 

(7.50) hap^s{x) = hap^sz{h{x),Xn(x), Z (x) , i.i{x))x{Xq , Z , Z)(x). 

xev 

Now, by combining (7A2^ . (17^491) . (fMSl and ((730)) together we deduce that 

(7.51) r„i+,n'~j{x,0 = ^s{Xo,Z,Z)(x)cj^{h{x),Xo{x),Z{x),^{x),£,), 

where {cjs)se'P is the finite family with values in Sm+tn'-ji^ x M^"+^) given by 

(7.52) c,, = J2 

Since the family (cjti)sgp is independent of the choice of the local coordinates and 
of the local frame Zi, . . . , Zn this proves that PeQe is pseudohermitian invariant. 
Furthermore, as for any i > we have PteQte = t-^'^+"'"> PeQe modulo ^'-°°(M), 
we see that PeQe is a pseudohermitian invariant 5" //DO of weight w. 

Finally, assume further that Pe and Qe are admissible, that is, there exist sym- 
bols flm G Smi^ X R^"+^) and b^' & Sm'{^ x such that, in any given local 
coordinates equipped with the 7?-frame associated to a frame Zi, . . . , Z„, the prin- 
cipal symbol of Pe is Pmix,^) = am{h(x), Xq{x), Z(x), fi(x),S_) and the principal 
symbol of Qe is Qm'ix,^) = bm'ih^x), Xq{x), Z{x), fi{x), S,). It then follows from 
Proposition 17.51 and (|7.42|) that in these local coordinates the principal symbol of 
PeQe is equal to 

Pm * qrn' = {h{x) , Xo(x) , Z (x) , fi{x) , £,)] * [bm' {h{x) , Xq (x) , Z (x) , fj.{x) , £,)] 

= [a„i * bm']ihix),Xo{x), Z {x) , ^i{x) , £,) . 

Since the symbol * b„ii E Sm+m'{^ x M^"+^) does not depend on the choices 
of the local coordinates and of the local frame Zi, . . . , Z„, this shows that PeQe is 
admissible. The proof is now complete. □ 

In order to deal with parametrices of pseudohermitian invariant ^'/f DOs we need 
the following lemma. 
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Lemma 7.7. Let (h, Xq, Z, ^i) £ Q. Then we can endow R'^"+-'^ with a pseudoher- 
mitian structure and a global frame Zi, . . . , Z„ o/Ti.o with respect to which we have 
(/i(0),Xo(0),Z(0),m(0)) = {h,XQ,Z,^^). 

Proof. Let L = (Lj^) G M2„(M) be the skew-symmetric matrix given by (|7.39p . and 
let us endow R^"+-'^ with the group law (I7.35P corresponding to b := b{h, /i) — fi+^L. 
Set Xlf°^ = d^o and xf'> = d^, + bjkx^d^o, j = l,..,2n. Let i/^o) C TR^^+i 

be the hyperplane bundle spanned by the vector fields x'f'^ , • ■ • , -'^2n ^^'^ us 
endow it with the almost complex structure j'"^ e C°°(M'^"+^, Endi/) such that 
for J = 1, ... ,n we have = 4+^. and J(")4+^- = -Xj"'. 

Observe that the subbundle T^^q := kcr( + i) is spanned by the vector fields 
Zf Xf - tXl^l^, J = 1, ..,7^. By dSD we have 

(7.53) [Xf\xj^^] = (6,, - ^ 

Moreover, as the definition (|7.39p of L implies that it satisfies (|7.6p . we get 

(7.54) [Zf,zl^^] = [{Ljk - Ln+jn+k) - tiL,n+k + L„+,fe)]X^"^ - 0. 

This implies that T^^q is integrable in Frobenius' sense, so (i/("), j(o)) defines a CR 
structure on M^"+-'-. 

Set 6l(°) = da;0 - bjkX^dxK Then we have 9^°^ [Xq) = 1 and for j = 1, . . . , 2n, we 
have 6'('')(Xj) = 0, so 6l(o) is a non- vanishing 1-form annihilating . Moreover, 
it follows from (|7.39p and (|7.53p that wc have 

(7.55) z0("'([zj°\ ']) = (L,fe + L„+,„+fe) + i(-L,„+fc + Ln+,k) = /j^s- 

Since ft- is positive definite this shows that the Levi form associated to 6''^*'^ is positive 
definite everywhere. Therefore, the CR structure of R^"+-'^ is strictly pseudoconvex 
and 61(0) is a pseudohermitian contact form. In addition, for j = 0, . . . , 2n we have 
[X'^^\xf ^] = 0, so we have LxJ9^°\Xj) = -9(°\[XQ,X.j\) = 0. As we know that 
6'(")(Xo) = 1 it follows that Xq is the Reeb field of the contact form e^°\ 

Next, let us write Xq = [X^^) and Z = (-2^'^), where Xq and Z are the 2nd and 
3rd components of our initial element {h, Xg, Z, fi) in fl. Set Z^*^ = Xj'' — iX^J^j 
with Xj ^ and X^-^^ in R, and let -0 be the unique linear change of variables such 
that for j = 0, . . . , 2n the tangent map 7/;'(0) : ToR^^+i ^ roR2"+i maps X^^d^k to 

da:i- Set H — ip*H^^'> and J = Then {H, J) defines a strictly pseudoconvex 

CR structure on K^"+^ with respect to which 9 :— 'ip*6'^'^'^ is a pseudohermitian 
contact form with Reeb field Xq :— X^\ Moreover, as we have X'"' = ^^.o we 
see that Xo(0) = i)' [0)-^ {d^o) = Xq. 

The corresponding bundle of (1, 0)-vectors is Ti o := tp*Ti,o. A global frame 
for this bundle is provided by the vector fields Zj := ijj*Zj^\ Moreover, it follows 
from (|7.55p that with respect to this frame the matrix of the Levi form associated 
to 9 is (hj^). In particular, we have h{0) = h. In addition, as zj°^(0) = X^°\o) — 

iX^^l^ = d^j - id.^^+, we also see that Zj{0) = i/''(0)"^(^^^) " i^'iO)~\d^,^+,) = 
Xj - iXn+j = Zj. Thus Z{0) = Z. 
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In order to complete the proof it remains to check that /i(0) = /i. For j — 
1, . . . , 2n set = Then Xo, . . . , is a global iJ-frame of R2"+i. More- 

over, as V' is a linear map and for = 0, . . . , 2n we have -tp^Xj (0) — xj"' (0) = d^j , 
we see that ip is the affine change of variables to the privileged coordinates centered 
at the origin. In addition, since we have = X^^'' and the vector fields X^^'' 

are homogeneous, we deduce that X^^^ is the model vector field of Xj in the sense 

of HjT^ -HiTJl } . As we have X^ = d^j +bjkx''d^a we see that 6(0) = {bjk) = b{h, fi). 
Since by definition ^(0) is the symmetric part of 6(0) and b{h, ^) has fj, as symmetric 
part, it follows that /i(0) = ^ as desired. The proof is thus achieved. □ 

Proposition 7.8. Let Pg he a pseudohermitian invariant hDO of order m and 
weight w such that Pg is admissible and its principal symbol is invertible in the 
Heisenberg calculus sense. For each pseudohermitian manifold (M^""*"^, 9) let Qg he 
a parametrix for Pg in 5'jj'"(A/). Then Qg is a pseudohermitian invariant ^/ hDO 
of order — m and weight —w. 

Proof. First, as Pg is an admissible pseudohermitian invariant ^'j^DO there exists a 
symbol e Sm{^ x M^^+i) such that, in any local coordinates equipped with the 
H-ha.me associated to a frame Zi, . . . , Z„ of Ti o, the principal symbol of Pg in these 
local coordinates is pe,m(2^,?) := cim{h{x) , Xq{x) , Z (x) , fj,{x) , ^) . The fact that the 
principal symbol of Pg is invertible in the Heisenberg calculus sense means that pg^m 
is invertible with respect to the product (|7.38p . Therefore, we see that, for any local 
coordinates equipped with a frame Zi, . . . , Zn of Ti^o and for any x in their range, 
the symbol amih{x), Xo{x), Z{x), ^{x), .) is invertible with respect to the product 
= :^f''(.Hx)'K^)) ^ We then can make use of Lemma [7.71 to conclude that for 
any (/i, Xq, Z, fj.) G fl the symbol am{h, X, Z,^, .) is invertible with respect to the 
product Thus, for any (/i, Xo, Z,fi) efl there exists a symbol 6L'';f'''^'''^ (f ) 

in 5_,„(R2"+1) such that 

(7.56) a^{h, Xo, Z, .) h<^("'^) b_^{h, Xo, Z, fi) = 

6_™(/i,Xo,Z,Ai) a„(/i,Xo,Z,M,.) = 1. 

Since a„i{h, Xq, Z, ^, .) depends smoothly on {{h, Xq, Z, /i), it follows from |Po2[ 
Prop. 3.3.22] that i)^^^^°'^'t^^ depends smoothly on {h, Xq, Z, fi) as well. Therefore, 
we define a symbol 6_„j e S^mi^ x M^"^^) by letting 

(7.57) b_„,{h,Xo,Z,fi,0 := 6^1''° ''''''^0 V(/i, Xq, Z, ^i, C) enx R^"+\ 

In view of the definition of the product (|7.41[) we have am*b^rn = b-rn*o,m ~ 1- By 
combining this with (|7.42p we then see that, in any local coordinates equipped with 
the iJ-frame associated to a frame Zi,...,Z„ of Tio, the symbol q^mix,^) := 
6_„i(/i(x), Xo(a;), Z(x), //(x), ^) is the inverse of pe.m with respect to the prod- 
uct dlSHl)- 

Next, without any loss of generality we may assume that Qg is properly sup- 
ported. Letp(x,^) ^^Pe,m-j(x,^ and (7(0;,^) ~ ^ g_„i-j(x, ^) be the respective 
symbols of Pg and Qg with respect to local coordinates equipped with the iJ-frame 
associated to a frame Zi, . . . , Z„ of Ti,o. As PgQg = 1 mod *~°°(M), from (fTiSll 
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we get 
(7.58) 



= 1, 



(7.59) Pe,rn*q-m-3+^ ha0ys{D^^Pe ,m-k) * {C d" O'^q^rn-l) = j>l- 

Therefore, we obtain 

(7.60) q-m{x, = b^^{h{x),Xo{x), Z (x) , fi{x) , £,) , 



(7.61) 



^^^^ hap-,5{D^^Pe,rn-k) * {C d" D'^ q^,ri~l) 
_l<] 

Now, as Pe is a pseudohcrmitian invariant 'I'hDO for j = 1,2, .. . there exists 
a finite family {ajp)p^-p C ^^-^(rj x K^"+^) such that, in any focal coordinates 
equipped with the i7-frame associated to a frame Zi, . . . , Z„ of Ti,o, we have 

(7.62) pg^^_j{x,£,) = ^p{Xo,Z,Z){x)ajp{h{x),Xo{x),Z{x),fi{x),£,). 

pev 

Then by using similar arguments as that of the proof of Proposition l7.6l we can show 
by induction that, for j = 0, 1, . . . there exists a finite family (cjs)sg-p contained in 

(7.63) q-m-j s{Xo, Z, Z){x)cjs{h{x),Xo{x), Z{x), fi{x),£,), 



where, with the notation of (17.521) . the families {cjs)se'P are given by the recursive 
formulas. 



(7.64) 



(7.65) Cjs = -b-m * 



coi = b- 

E L 

p,q,q,veV Kj 



Cos = for s 7^ 1, 



J>0- 



Since the families {cjs)se'P don't depend on the local coordinates, this shows that 
Qg is a pseudohcrmitian invariant VP/fDO. 

Finally, let i > 0. As Pte = t'^Pe modulo *-°°(M) we see that f^Qe is a 
parametrix for Pto, and so we have Qte — t^Qe modulo 5'~°°(Af). This completes 
the proof that Qg is a pseudohcrmitian invariant ^'/jDO of weight w. □ 

We are now ready to prove the main result of this section. 

Proposition 7.9. Let Pq be a pseudohermitian invariant hDO of order m and 
weight w 

1) The logarithmic singularity cpg{x) takes the form 

(7.66) cp,{x) = Ip^{x)\d0-"' A 9\, 

where Xe{x) is a local pseudohermitian invariant of weight n + 1 + w. 

2) Assume that Pg is admissible and its principal symbol is invertible in the 
Heisenberg calculus sense. Then the Green kernel logarithmic singularity of Pg 
takes the form 

(7.67) 7P,(x) = Jp,(a;)|dr A0|, 
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where Sfpg{x) is a local pseudohermitian invariant of weight n + I — w. 

Proof. Set (x) — Tpg (x)\dd'"' /\9\, so that Tp^ (x) is a smooth function on M. For 
any i > we have cp^.ix) = Ct-^p,ix) = t-'"cp,[x) and d{tey^ A{te) = f'+^dO'^hO, 
so we see that 

(7.68) Ip,, {x) = i-^'^+'^+i^Xp, ix) V< > 0. 

Next, by (|5.14p in local coordinates equipped with the i7-frame X^, . . . ,X2n 
associated to a local frame Zi, . . . , Z„ of Ti^ we have 

(7.69) cp,{x) = |7/;;|(27r)-(2"+i) ( / pe,-(2„+2)(a;, 0^^^^ ) dx, 

where pe.-(2n+2) is the symbol of degree — (2rt + 2) of in these local coordinates. 

Furthermore, since is a pseudohermitian invariant ^ there exists a finite 
family (ap)pg-p C S_(2n+i)^ ^ M^"+-^) such that 

(7.70) Pe.-(2n+2){x,£,) = ^p{Xo,Z,Z){x)ap{h{x),Xo{x),Z{x),fi{x),£,). 
Therefore, we see that 

(7.71) cp,(x)= ^p{Xo,Z,Z){x)A,{h{x),Xo{x),Z{x),fi{x))^ ^dx, 
where Ap is the function in C^( fl) defined by 

(7.72) ^p(/i,Xo,Z,/i) = (27r)-(2"+i) / apih, Xo, Z, fi,^)LEd^. 

Let 6*^ . . . , 0" be the coframe of A^'° dual to Zi, . . . , Z„, and let 77°, ... , 77^" be the 
coframe of T*M dual to Xq, . . . , X2„. Notice that 77° = 6* and 9^ = ^{rj^ + ^77"+^). 
Moreover, we have dd — ihjkO^ A 9''. Thus, 

(7.73) dr A e = i"7i! det{hfk)0^ hO^ h . . . hO^ hO'^ hO 

= n\ det{hfkW A 7/"+^ A ... A 77" A 77^" A 77° 

^ (-1)"77! det(/7j.fe)77° A 7;! A ... A 77^". 

On the other hand, by its very definition ijja is the unique affine change of variable 
such that 7/'a(a) = and {ipa*Xj){Q) = d^j . Therefore, if we set Xj = X^'^dk and 
if — v\dx'^, then we can check that ipaixY = V''k{^'' ~ '^*')- Incidentally, we see 
that l^p'Jdx = I det(77-'j.)da;°A. . .Adx^''] = |77°A. . .At/^"]. Combining this with (f7J3ll 
then shows that 

(7.74) \i;'Jdx= \d9"Ae\. 

Now, it follows from (I7.7ip . (|7.72|) and (I7.74p that, in any local coordinates 
equipped with a frame Zi, . . . , Z„ of Ti.o, the function Tp^ (x) is equal to 

(^■^S) E ^\>iXo,Z,Z){x)det-\hjk{x))Ap{h{x),Xo{x),Zix),tiix)). 

Together with (j7.68p this shows that Xp^ (x) is a local pseudohermitian invariant of 
weight n -\- I + w. 
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Finally, suppose that Pg is admissible and its principal symbol is invertible in 
the Heisenberg calculus sense. For each pseudohermitian manifold (M^"+^,6') let 
Qg be a parametrix for Pg in '^~^{M). By definition the Green kernel logarithmic 
singularity "lPg{x) is equal to CQg{x), and we know from Proposition 17.81 that Qg 
is a pseudohermitian invariant ^'if DO of order — m and weight ~w. Therefore, it 
follows from the first part that ^p^ix) ~ J'pg{x)\d6" A 6\, where Jpj,(x) is a local 
pseudohermitian invariant of weight n + 1 — w. The proof is thus achieved. □ 

8. Logarithmic singularities of CR invariants ^'^DOs 

In this section we shall make use of the program of Fefferman in CR geometry 
to give a geometric description of the logarithmic singularities of CR invariant 
^-ffDOs. 

8.1. Local CR invariants and Fefferman's program. The local CR invariants 
can be defined as follows. 

Definition 8.1. A local scalar CR invariant of weight w is a local scalar pseudo- 
hermitian invariant 2g (x) such that 

(8.1) I,sg{x) = e~'^f^''^Ig{x) V/ e C°°(M,]R). 

When AI is a real hypersurface the above definition of a local CR invariant agrees 
with the definition in Te2] in terms of Chern-Moser invariants (with our convention 
about weight a local CR invariant that has weight w in the sense of (|8.ip has weight 
2w in [Fe2j). 

The analogue of the Weyl curvature in CR geometry is the Chern-Moser ten- 
sor ( [CMj . [We) ) . Its components with respect to any local frame Zi, . . . , Z„ of Ti^o 
are 

(8.2) 'S'jfeim = Rjklm ~ {Pjk^lrh + Plk^jm + PlmhjJ. + Pjfnhif^), 

where P^j. — -;^{Pjk ~ 2(n+i) ^jk) Schouten tensor. The Chern-Moser 

tensor is CR invariant of weight 1, so we get scalar local CR invariants by taking 
complete tensorial contractions. For instance, as scalar invariant of weight 2 we 
have 

(8.3) IS'lg = S-''^''™Sjj.i^, 
and as scalar invariants of weight 3 we get 

(8.4) S,.'''SJ''SJ' and S .'\S'. " 3%' . 

^ ' ij kl PI I I ]p gk 

More generally, the Weyl CR invariants are obtained as follows. Let IC be the 
canonical line bundle of M, i.e., the annihilator of Ti,o A K^T^M in K^+^T^M. 
The Fefferman bundle is the total space of the circle bundle, 

(8.5) T ■.^{K:\Q)/m.x. 

It carries a natural S^-invariant Lorentzian metric gg whose conformal class depends 
only the CR structure of M, for we have g^fg = e^ gg for any / G C°°(Af, R) 
(see |Fel) . |Le) ) . Notice also that the Levi metric defines a Hermitian metric h*g on 
K,, so we have a natural natural isomorphism of circle bundles ig : J- ^ "Eg , where 
C /C denotes the unit sphere bundle of /C. 

Lemma 8.2 ( |Fe2| ) . Any local scalar conformal invariant Xg{x) of weight w uniquely 
defines a local scalar CR invariant of weight w. 
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Proof. As gg is S'^-invariant the function Zg^ (x) is S^-invariant as well. Thus, if C 
is a local section of J- then we have 

(8.6) Z,,(C(a;))=l3,(e-C(a;)) £ R. 

This means that the value of Igg{C.{x)) at x does not depend on the choice of the 
local section ( near x. Therefore, we define a smooth function l0{x) on M by 
letting 

(8.7) Ig{x):^Ig,{C{x)) VxeM, 

where C is any given local section of J- defined near x. 

The fact that Te{x) is a local pseudohermitian invariant can be seen as follows. 
Let Zi,...,Zn be a local frame of Ti.o near a point a G M and let {6',6'^, ^-'j 
be the dual coframe of the frame {Xq, Zj, Zj}. By standard multilinear algebra 
Cg — det hji^O A 9^ A ... A 6" is a local section of Eg. Therefore, it defines a local 
fiber coordinate 7 G such that Lg = e^'^C,. Then by |Le[ Thm. 5.1] the Fefferman 
metric is given by 

(8.8) gg = hf^6'6^ + 20a, a = ^(^7 + - \h^'^dhf^ - ^^J-_«,0). 

Therefore, if ccq, xi, . . . , X2n are local coordinates for M near a, then one can check 
that the components in the local coordinates xq, xi, . . . , X2n, 7 of the Fefferman 
metric gg and of its inverse are universal expressions of the form (|7.15p . It then 
follows that 2gg{L*g(^g{x)) is a universal expression of the form (|7.15p as well, so 
Ig{x) is a local pseudohermitian invariant. 

Finally, let / G C°°(M, R). As Ig{x) is a conformal invariant of weight w, we 
have 

(8.9) Ig^^^{ax))^I,fgM^)) = e-f^^hgM^)). 

Hence 2^fg{x) = e~^^^'^^Jg{({x)). This completes the proof that Xg{x) is a local 
CR invariant of weight w. □ 

Now, the Weyl CR invariant are the local CR invariants that are obtained from 
the Weyl conformal invariants by the process described in the proof of Lemma [521 
Notice that for the Fefferman bundle the ambient metric was constructed by Fef- 
ferman |Fe2j as a Kahler-Lorentz metric. Therefore, the Weyl CR invariants are 
the local CR invariants that arise from complete tensorial contractions of covariant 
derivatives of the curvature tensor of Fefferman's ambient Kahler-Lorentz metric. 

Bearing this in mind the CR analogue of Proposition 14. II is: 

Proposition 8.3 (^F^ Thm. 2], [BEGl Thm. 10.1]). Every local CR invariant of 
weight < n + 1 is a linear combination of local Weyl CR invariants. 

In particular, we recover the fact that there is no local CR invariant of weight 1. 
Furthermore, we see that every local CR invariant of weight 2 is a constant multiple 
of \S\g. Similarly, the local CR invariants of weight 3 are linear combinations of 
the invariants (|8.4p and of the invariant ^g that arises from the Fefferman- Graham 
invariant of the Fefferman Lorentzian space 
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8.2. Logarithmic singularities of CR invariant '4'hDOs. The CR invariant 
^'hDOs are defined as foUows. 

Definition 8.4. A CR invariant '^hDO of order m and biweight (w,w') is a 
pseudohermitian invariant ^>hDO Pe such that 

(8.10) P^se = e'^'fPee-'^f V/ G C°°(M,R). 

We actually have plenty of CR invariant operators thanks to: 

Proposition 8.5 f [JLlj . [GG| ). Any conformally invariant Riemannian differen- 
tial operator Lg of weight w uniquely defines a CR invariant differential operator 
Lg of same weight. 

Proof. Since the Fefferman metric is S*^ -invariant, the circle acts by isometrics 
on J-'. Therefore, the operator Lg^ is S'^-invariant, i.e., for any a; S R we have 

(8.11) Lg,{voe'^) = (Lg,v)oe''- \fveC°^{T). 

Let TT : T ^ M he the canonical projection of !F and let u G C°°{M). Then 7t*u 
is a S'-'^-invariant function on J^, so for any x G M and any C G Tr^^{x) we have 

(8.12) Lg^{7r*u)iC) - Lg^{7T*u){e'^0 Vc^ G K. 

This means that Lgg{TT*u){C) does not depend on the choice of Thus, we define 
a function Le{u) on M by letting 

(8.13) Le{u){x) := Lg,i7r*u){C), (en-^ix). 

Let us now consider local coordinates xq, . . . , X2n for M equipped with the H- 
frame Xq, . . . , X2n associated to a frame Zi,..,Z2n of Ti.o- Let 9^,. .,9^ be the 
associated coframe of A^'", so that C := det^ {hjj.) 9 A 6*^ . . . 6*" is a local section 
of T,0. Let 7 be the corresponding local fiber coordinate of J- in such way that 
Le = e^'^(^. Since Lg is a Riemannian invariant differential operator there exist 
finitely many universal functions Oapskig) in C'°°(M2n+2(R")+) such that, in the 
local coordinates xq, . . . , X2n,l of T, we have 

(8.14) Lg, =Y,a^psMx)){d^ge{x)fdid^^. 

Notice that S'^-invariance corresponds to translation-invariance with respect to the 
variable 7. This is refiected in the property that the components of ge don't depend 
on 7. Furthermore, we see that for any smooth function u{x) of the local coordinates 
2^0, • • ■ , X2n we have 

(8.15) Le{u){x)^Y. 

In particular, this shows that Le is a differential operator. 

As explained in the proof of Lemma 18.21 the components of ge (x) in the local 
coordinates xq, . . . ,a;2„,7, as well as their derivatives, are universal expressions of 
the form (|7.15p . Therefore, from (|8.15p we deduce that there exists a finite family 
(bpkSp) C C°°{il) such that, in any local coordinates equipped with the 7J-frame 
associated to a frame Zi, .., Z„ of Ti^, the differential operator Le is equal to 

(8.16) ^ ^p(Xo,Z,Z)(a;)fopfe5p(;i(a;),Xo(x),Z(a;))(-iXo)'^(-iZ)*(-zZ)'^. 

It then follows that Le is a pseudohermitian invariant differential operator. 
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Finally, let / e C°°(A/, R). Since Lg is conformally invariant of biweight {w,w') 
we have Lg — L^fg^ — ^ Lg^e^"^^ . Hence L^fQ — ^ Loe~^^ . This completes 
the proof that Lq is a CR invariant differential operator of biweight (w,w'). □ 

When Lg is the Yamabe operator the corresponding CR invariant operator is 
the CR Yamabe operator introduced by Jerison-Lee [JLl] in their solution of the 
Yamabe problem on CR manifold. It can be defined as follows. 

First, the analogue of the Laplacian is provided by the horizontal sublaplacian 
At, : C°°{M) ~* C°°{M) defined by the formula, 

(8.17) Ab==d*4, 4 = 7rod, 

where tt e C°°(M, EndT*M) is the orthogonal projection onto H*. In fact, if 
Zi, . . . ,Zn is a local frame of Ti^o then by [Le, Prop. 4.10] we have 

(8.18) Ai.^V*zVz,+V*z^yzy 

It follows from this formula that A;, is a sublaplacian in the sense of [BGrj and its 
principal symbol in the Heisenberg calculus sense is invertible (see [BGrj . [Po2j ). 
The CR Yamabe operator is given by the formula, 

(8.19) Be^Ab + -^Ke, 

where ne is the Tanaka- Webster scalar curvature. This is a CR invariant differential 
operator of biweight , —^^^^). Moreover, as Eg and have same principal 
symbol, we see that the principal symbol of He is invertible in the Heisenberg 
calculus sense. 



Next, Gover-Graham |GG| proved that for k — 1, . . . , n + 1 the GJMS operator 

(k) 

□g on the Fefferman bundle gives rise to a selfadjoint differential operator, 

(8.20) Bf'' : C°°{M) — > C°°{M). 

This is a CR invariant operator of biweight '"\^^'^\ — ^'^'^'^^ ) and it has same 
principal symbol as 

(8.21) (Ab + i{k ~ l)Xo)(Ab + i{k ~ 3)Xo) ■ • • (Ab - i{k - l)Xo). 

In particular, unless for the critical value fc = n + 1, the principal symbol of B^g^ 
is invertible in the Heisenberg calculus sense (see jPo21 Prop. 3.5.7]). The operator 
□g'"^ is called the CR GJMS operator of order k. For fc = 1 we recover the CR 
Yamabe operator. Notice that by making use of a CR tractor calculus we also can 
define CR GJMS operators of order fc > n + 2 (see [GG] ). 

More generally, the conformally invariant Riemannian differential operators of 
Alexakis jA12| and Juhl 'Ju] give rise to CR invariant differential operators. If we 
call Weyl CR invariant differential operators the operators induced by the Weyl 
operators of [A12j . then a natural question would be to determine to which extent 
these operators allows us to exhaust all the CR invariant differential operators. 

We are now redy to prove the main result of this section. 

Theorem 8.6. Let Pg he a CR invariant hDO of order m and biweight (w, w'). 
1 ) The logarithmic singularity cpg {x) takes the form 



(8.22) 



cp,{x)=ip,{x)\de'" Aei 
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where Ig (x) is a scalar local CR invariant of weight n -\- 1 + w — w' . If we further 
have w < w' , then Xg(x) is a linear combination of Weyl CR invariants of weight 
n + 1 + w — w' . 

2) Assume that Pg is admissible and its principal symbol is invertible in the 
Heisenberg calculus sense. Then the Green kernel logarithmic singularity of Pg 
takes the form 

(8.23) 7P,(x) = Jp,(a:)|dr A0|, 

where J^Pg (x) is a scalar local CR invariant of weight n + 1 — w + w' . If we further 
have w > w' , then Jpg{x) is a linear combination of Weyl CR invariants of weight 
71 + 1 — w + w'. 

Proof. Since Pg is a pseudohermitian invariant ^'/f DO of weight w — w' , by Propo- 
sition [7i9] the logarithmic singularity cpg{x) is of the form cpg{x) = Xpg{x), where 
Tpg [x) is a local pseudohermitian invariant of weight w — w' . 

Let / G C°°(Af, M). As Pg is conformally invariant of biweight {w,w'), by 
Proposition El] we have cp^^^ix) ^ e-("'-"'')-''(^')cp, (x). Since d{efe)" A {ef0) = 
e("+i)/d6l" A it follows that I,fgix) = e-("+i+"'-™')-^(=^)le(a;). Thus Ig is a local 
CR invariant of weight n+l + w — w' . If we further have w < w' then the weight of 
Tg{x) is < n + 1, so we may apply Proposition 18 . 31 to deduce that Tg{x) is a linear 
combination of Weyl CR invariants of weight n + 1 + w — w' . 

Now, suppose that Pg is admissible and its principal symbol is invertible in the 
Heisenberg calculus sense. Then by using Proposition 16.11 and Proposition 17.91 and 
by arguing as above, we can show that jPgix) = Jpg{x)\d9" A 9\, where Jpg{x) is 
a local CR invariant of weight n + 1 ~ w + w' . If we further have w > w', then by 
Proposition 18.31 the invariant Jp^, (x) is actually a linear combination of Weyl CR 
invariants of weight n + I ~ w + w' . □ 

Finally, we can make us of Theorem l8.6l to derive the following invariant expres- 
sion of the Green kernel logarithmic singularities of the CR GJMS operators. 

Theorem 8.7. For k — 1, . . . ,n we have 

(8.24) -,^i.,{x)^c^g{x)\de'' A0\, 

where Cg{x) is a linear combination of scalar Weyl CR invariants of weight n+l — k. 
In particular, we have 

(8.25) clp\x)^0, clp-'\x) ^ a„\S\l 

(8.26) (x) = /3„5,. ''SJ'^SJ^ + j^S/]s'.;S%' + <5„$,, 

where S is the Chern-Moser curvature tensor, $e is the CR Fefferman- Graham 
invariant, and the constants an, (3n, 7n cind S„ depend only on n. 

Proof. We already now that the CR GJMS operator Sg'^^ is a CR invariant dif- 
ferential operator of biweight (■^— _M2±i) and for k = 1, . . . , n its principal 
symbol is invertible in the Heisenberg calculus sense. Therefore, in order to be able 
to apply Theorem 18.61 it remains to show that □g'^'' is admissible. By (|8.2ip the 
principal symbol of □g'^-' agrees with that of (A;, + i{k — l)^o) • • • i^b — i{k— l)Xo). 
Therefore, in view of Proposition 17.61 in order to prove that □g'^'' is admissible it is 
enough to show that so is any operator of the form Ah — ifiXo, fi e C 
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Consider local coordinates equipped with a frame Xq, ■ ■ ■ ,X2n associated to 
a frame Zi, . . . , Z„ of Ti.o, so that we have Zj = Xj — iXn+j- It follows from (|8.18p 
that Af, as same principal part as —K'^Zj^Zj — h^^ ZkZ-j, so the principal symbol of 
Ah — i/iXo is equal to 

(8.27) - h^'\x){ik + iL+km - «en+j) - h^H^m - ^U+km, - + ^0- 

This shows that A^ — i^j-Xq is admissible. 

Now, we may apply Theorem 18.61 to deduce that for k = 1, . . . ,n the Green 
kernel logarithmic singularity of □g'^-' is of the form 7|-|(fc) (x) = cf\x)de'^ /\e{x), 

where c^g\x) is a linear combination of Weyl CR invariants of weight n + 1 — fc. 
The formulas (|8.25|) - (l8.26p then follow from the facts that there is no nonzero 
scalar Weyl CR invariant of weight 1, that the only scalar Weyl CR invariants of 
weight 2 is 15*15, and that the only scalar Weyl CR invariants of weight 3 are the 
invariants (|8.4p and the CR Fefferman- Graham invariant $e. □ 
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